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ABSTRACT. In this paper we derive explicit rational forms for the
Poincare series of the commutative and the non-commutative trace
ring (5.3 and 5.5). To this end we use the Molien Weyl formula to
reduce the question to a problem about flows in a particular graph.

1. INTRODUCTION.

For simplicity we will assume that the ground field is C in this pa-
per. However it is clear that all results remain valid for an arbitrary
algebraically closed field of characteristic zero.

Let m, n be natural numbers and let M, be the variety of n x n-
matrices. (M,)"™ will be the m-fold product M, x --- x M,. Put
G = SL, and let G act on M,, by conjugation. Then one defines

(1)  Zpn={f:(M,)"™ — C| f polynomial and G—equivariant}

(2) Tp,=A{f:(M,)™ — M, | f polynomial and G—equivariant}

Zmpn is the commutative and T, ,, is the non-commutative trace ring
of m generic n x n-matrices.

Let V be an n-dimensional vector space. Define G = SL(V), W =
(Ve V)™ R=SW, R=End(V)® R. Then it is clear from (1), (2)
that Z,,,, = RE, Ty = EG for the obvious G-actions.

R and R may be Z™-graded by giving the elements in the i’th copy
of V@ V*in W degree (0,...,1,...,0) where the 1 occurs in the i’th
place. Clearly Z,,, and T,,, are graded subrings of R and R and
we may therefore define their Poincare series P(Z,, ,t) and P(T,, 1)
where t = (t;)i=1,..m is a set of variables. Knowing the Poincare series
of a graded ring can be an important first step in the determination of
the actual structure of the ring. See e.g. [7].
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It is well known that P(Z,,,,t) and P(T,,,,t) are rational functions
with coefficients in Z. However, apart from a few cases (n = 2, (m,n) =
(2,3), (2,4)), few explicit formulas are known. See e.g. [7][3].

In this paper we will give general formulas for P(Z,, »,t) and P(T,, ., t).
Our main tool will be the Molien-Weyl formula [10] which gives the
Poincaré series of a ring of invariants as an integral over a torus. The
standard way to evaluate this integral is via the residue theorem. How-
ever, in all but the simplest cases, this procedure is complicated and
unwieldy.

The main idea used in this paper is that, in the case of trace rings,
the Molien-Weyl formula leads to an expression for the Poincaré series
in terms of generating functions for flows on a certain graph. We then
use elementary graph theory to compute these generating functions.

First we use a standard result in the theory of linear diophantine
equations to show that the denominators involved are products of terms
of the form 1—U (t) were U(t) is a monomial of degree less than n (Thm
5.1). This result is stronger than what could be expected from the
Procesi-Razmyzlow result which says that Z,,,, is generated in degree
< n? (see [4][5]).

A second observation we use is, that at the cost of losing some infor-
mation, we may replace multiple arrows by single ones. This leads to
expressions for P(T,,,,t) and P(Z,,,,t) in terms two basic functions
depending only on n (Prop. 5.3).

Finally we undertake the labour of computing the generating func-
tions for flows on graphs in general. We obtain that such a generating
function is a sum of rational functions indexed by spanning trees for
the graph. Again we may apply this result to trace rings (Thm. 5.5).

Although the number of terms in the resulting expression for the
Poincaré series is rather large, each of the individual terms has a simple
structure. For example we could use this expression to give an almost
trivial proof for the functional equation satisfied by P(T,,.,t) [2][8][9].
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2. PRELIMINARIES ABOUT GRAPHS.

In the sequel a (finite directed) graph will be a quadruple G =
(V,E, h,t) where V| E are finite sets and h, t : E — V are arbi-
trary maps. V' will be the set of vertices and F will be the set of edges
(arrows) in G. If e € E then t(e), h(e) are resp. the beginning and the
end of e. Sometimes if V', E/, h, t are not specified then we will use the
notation G = (Vg, Fg, hg, tg).

If G = (V,E' KW, t') then we will say that G’ is a subgraph of G
(notation : G’ C G)if V' CV, EFCEFand W =h|E' t' =t| F".

A path P in G will be a sequence (vy, €1, . .., €,, Upy1) Where (v;); € V,
(€;); € E and {h(e;),t(e;)} = {vi, viy1}. We say that P starts in v; and
ends in v,1.

We call an e; in P is correctly oriented if v; = t(e;), vir1 = h(e;).
Otherwise, e; is incorrectly oriented. If all edges in P are correctly
oriented then we say that P is an oriented path.

Below we will use the following notation : assume that a = (a¢)ecr
are elements of C and P = (vy,eq,...,€,,U,41) is a path then

(3) af = H azgei)

where €(e;) = 1 if ¢; is correctly oriented in P and —1 otherwise.

A graph is said to be connected if for any two vertices v, w there is
a path starting in v and ending in w.

A path P = (vy,e1,...,€n,U541) is closed if v,.1 = v;. If P’ is an-
other closed path then we say that P = P"if P’ = (vj,ej,...,v,_1,€j-1,7;)
for some j. If v; # v; except if i = j or if (z,7) = (1,n + 1) then we
call P a cycle. If P is in addition oriented then we say that P is an
oriented cycle. We will use the notation C'(G) for the set of cycles in
G. The set of oriented cycles in G will be denoted by C (9).

A tree is a connected directed graph which does not contain any
non-trivial cycles. If G is a graph and 7 C G is a tree then we say that
T is a spanning tree of G if VF = V. It is a classical fact that any
connected graph contains a spanning tree. We will write 7'(G) for the
set of spanning trees of G.

If 7 C G and 7 is a spanning tree then for any e € Eg \ E7 there
is a unique non-trivial cycle, with e correctly oriented, in the graph
obtained by adjoining e to 7. This cycle will be denoted by C(e, T).

Let 7 be a tree and let e be an edge in 7. Then if we remove e from
7T we obtain two trees which we will denote by 7; . and 73, .. Here 7},
is the tree that contains h(e).
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3. FLows.

In this section we assume that we are given some finite connected
graph G = (V, E, h,t) without loops, and variables z = (z,)pev, t =
(te)ecr- Let f be a laurent polynomial, homogeneous of degree 0, in
(2y)vev with rational coefficients. Define

/
[Teen(l =tz 2n(e)

Now assume |t.| < 1. We may then define

/
7 [een(l = tezgy2ne)
Here T, is the torus given by {(z,)vev | |20 =1 Vv € V'} and

I Aey dz

@ri)V Tl,ey 20

is the usual T,-invariant volume element.

In the sequel we will be interested in evaluating (4). First we show
that, at the cost of loosing some information, multiple arrows may be
replaced by single ones.

W(G, ft,2) =

(4) (G, f,t) = dv

dv =

Lemma 3.1. Assume that G’ is obtained form G by replacing an edge e
with edges eq, . .., e, having the same begin and end vertex as e. Extend
t to a new set of variables t' = (t.)eer, - Then
1 ovt
(u—1)!otet
Proof. This follows from the fact that
1 B 1 ov1 1
(1— tezt_(el)zh(e))“ (u—1lote=1° (1- teZt_(el)Zh(e))

(5) V(G o)t =terten=te] = te (G, f,t)

u—1

0

We may expand f = ). a;x,, wherea; € Q, p; : V. — 7, pi(v) =
0 and xu, = [[ev 2) Then it is clear that

(6) \Ij(gaf’ t) = Zaiqj(g»(uwt)

and the same holds for .

For simplicity’s sake we will write (G, u,t) and W(G, u,t,z) for
U(G, X, t) and W(G, x,,,t, 2). It should be noted that W (G, u,t) is ob-
tained from expanding W(G, i, t, z) into the ¢’s and then dropping any
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term that contains z’s. Using this fact one sees that U(G, u,t) has a
very natural interpretation in terms of graphs.

Definition 3.2. A flow in G associated to p is a map ¢ : E — N such

that for all v e V
> dle) +pw) =D éle)

h(e)=v t(e)=v

If p(v) = 0 for all v then a flow associated to p will just be called a
flow.

We may now write

\I}<g’ ;s t) = Z H t?(E)

¢ eckE

where the summation runs over all flows in G associated to p.

A flow clearly corresponds to the solution of a system of linear dio-
phantine equations. Therefore, in analogy with [6], we will call a non-
zero flow fundamental if for any decomposition ¢ = ¢1 + ¢ with flows
¢1, ¢2 either (,bl =0or qbg = 0.

A non-zero flow will be called completely fundamental if n¢ = ¢1+¢s,
for flows ¢, ¢ and n € N, implies that ¢; = n1¢, ¢2 = na¢ where nyq,
Nog € N.

The following lemma may be easily deduced from [1, Th. 8.2]

Lemma 3.3.

(1) Assume that C' = (vy,e1,...,e,,v1) is an oriented cycle in G.
Let ¢ be defined as follows : ¢(e) =1 if e is in C and ¢p(e) =0
otherwise. Then ¢ is a completely fundamental flow.

(2) Any fundamental flow on G is of the form given in 1.

(3) Any fundamental flow on G is completely fundamental.

Using the results in [6] we obtain :
_a
[Teesg (1 —t9)

where Q,(t) € Z|(t.)eer] (the notation t¢ is as in (3)).
Combining (6) with (7) we obtain the following result.

(7) (G, p,t)

Theorem 3.4. With notations as above. There exists a polynomial
Q(t) € Q[(te)eer] such that

()
YOI = e (1= 1)
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4. A RATIONAL EXPRESSION FOR V(G, f, 1)

In this section we retain the notations of the previous sections. We
will compute ¥(G, f,t) under some mild conditions (Thm. 4.13). This
section is basically a series of lemmas which lead to the proof of 4.13.

Lemma 4.1. Let zq,...,z, be a set of variables and let by,..., b, be
elements of C, such that by ---b, # 1. Then
21 ~ Bj

(8)

H?:l(Zi - bizi-‘rl) B ; HZ#](ZZ - bizi-i-l)
Here z,.1 = 21, and the B;’s are elements of C.

Proof. If we multiply (8) with [T\, (z; — b;z;+1) we see that we have to

solve
Z Bj(z = byzjs1)
or
1 = B —b,B,
0 = Bj—b;_18j4 for j #£ 1
It is clear that this system has a solution if by - - - b, # 1. ]

Now let G be some connected, directed graph without loops and
assume that there are given t = (t.)cep € C and variables (z,)pey -
Assume furthermore that for any cycle C € C(G), t¢ # 1.

Let
1

[Tecu(2ue) — teznie)

Lemma 4.2. Let C = (vq,€1,...,Up,€n,v1) be a cycle in G and let G;
be the graph obtained from G by deleting the edge e;. Then

P/<g7 t) -

p/gt ZAPIQ'L: ee;ﬁei)

where A; € C.

Proof. This is a direct consequence of lemma 4.1. Note however that,
since C'is not necessarily oriented, the A;’s are not necessarily the same
as the B;’s in lemma 4.1. O

If 7 € T(G) then we define My = [[.cp\ g, 2u(e ) Now choose some
To € T(G) and S C E'\ E7;. Define U =[] cq7, zh( )
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Lemma 4.3.

UMy, P'(G,t) = Z ArP'(T, (te)ecr,)

TeT(G
where the Az ’s are elements of C (depending on the choice of S).

Proof. The proof is by induction on |E|. Let e; € E'\ Ez, and assume
that C'(eq1,7y) = (v1,€1,- .., Un, €n,v1). Denote with ’]E)(i) (i=1,...,n)
the graph obtained from 7, by first adding e; and then deleting e;.
Hence ’]E)(l) = 7. It is well known that To(i) is still a tree, and hence
it is a spanning tree for G; (With G; as in lemma 4.2). Also define
S;=8S\{e} and U; =[] zh( ). From lemma 4.2 it now follows
that

eES

UMy P'(G,1) ZA UiM o P'(Gis (e )ee,)

The proof follows now by 1nduct10n since lemma 4.3 is trivially correct
if G is a tree. O

Now define
1

[Teer(l = tezy 2y 2n(e)
and if 7 € T(g) My = HeEET Z(e)-
Then lemma 4.3 implies that

(9) PG, t)= > ArU'"MpM;'P(T, (te)ecr,)
TET(G)

P(G,t) =

Our next aim will be to determine the value of the A7’s.
We associate with 7 the equations

Zi(e) = LeZh(e)

where e € Fr. Fix vg € V. We then use those equations to express
(2v)vev In z,,. If we substitute the expressions for (z,),ev into a ra-
tional function f in (z,),cy We obtain a rational function in z,,. We
will denote this new function by f|7". This construction is particularly
interesting if f is actually a function of (z; 'z, )sweyv since then f|7
will be a scalar. Le. f|7 will not depend on z,,.

Lemma 4.4. With notations as above
(UMM T
HeGE\ET(l — teeT))

Ar =
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Proof. Multiply (9) with J], (1 — te,z;(el)zh(e)) and apply | 7. From
the fact that
0 if e€e Er

1 _
(1 — tezt(e)zh(e)) | T = 1 —¢CET) if ¢ € Er

we deduce that

1 = Ar(U MM | T ] (0 —tezpbyze) | T
e€E\ET
= A7 (U 'MzpM:Y) | T [ (119D
EEE\ET
This proves lemma 4.4. O

From now on, we assume as above [t.| < 1 and if C' € C(G) then
¢ =£ 1. This last condition excludes an additional set of measure 0.
We will use the above computations to derive a rational expression for

U(G, pu,t).
As before

V(G t) = /@(g,u,w)dv

_ / VP (G, t)d

1
= X AU My M1 _ dy
/° HTEET%Q) ' HeeET(l _tezt(f})zh(e))
U_lM M-t
(10) = Z Ar M g,

2 AT Mo bt

Lemma 4.5. Wzth notations and assumptions as above. Letn:V —
Z be some function with ) ., n(v) = 0 and assume that x, | T =
[Leg, the. Then

(11) Xn - dy — 0 if Je E'ET : be <0
T HeeET(1 - tezt(e)zh(e)) Xn | 7 otherwise
Proof.
Xn U U
(12) — tee Zh(e))" Xn
ecr, (1= tez ) 2n) Z>0 H H

To compute the left hand side of (11) we have to pick those terms of
(12) that do not depend on z. Le. those terms where

L= 1T GEdmme) X

ecET
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Applying | 7 we obtain

L= ] t"“0alD

ecET

or u, = b.. Hence if there exists an e such that b, < 0 then there is
no suitable term in (12). Otherwise there is exactly one and it has the

form
Ht“EH Zhe) the:XHT

t

Below we will need a way to determine the numbers (b).cg, which
were introduced in the proof of the previous lemma. This may be done
as follows.

Lemma 4.6. Assume that x, | T = [[,ep, (t.)*. Then for e € Er :
be = Zvevﬂ,e 77(1)) = - ZUEVTh . 77(”)
It now becomes natural to introduce the following definition.

Definition 4.7. 7 € T(G) will be (S, 7, 1) admissible if XMU_IMTOM_ ]
T is of the form [ ], tle with b, > 0. (Recall that U =[], 2 e zh(e))
We define

Ts1,,(9) ={7 € T(G) | T is (S, 7o, ) admissible }
We are now ready to prove the following result :

Theorem 4.8. With notations as above :

(G, p,t) = Z S

TeTs, o, e€EFE\E1

Xu |l T
(1 — tCeD)

Proof. This is a direct consequence of (10), lemma 4.4 and lemma 4.5.

O

Our next aim will now be to analyze Ty ,(G). This seems to be
hard to do in general. However, if G satisfies condition 4.9 below, then
the problem is tractable.

Condition 4.9. There exists a vertex vy in G such that for any w € V
there is an oriented path in G, starting in w and ending in vg.

Hence from now on we will assume that G satisfies 4.9. We will need
the following lemma below.

Lemma 4.10. Let 7 be a tree containing a vertex vy. Then the fol-
lowing are equivalent :
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(1) M']’ — HUEVT\{UO} ZU
(2) No edge in T starts in vo. For any other vertex v in T there is

at most one edge leaving v.
(3) Lete € Er. Then vy € Vg, .

Proof. (2)=(1) is easy using the fact that for a tree |Vz| =1+ |E7|.
(3)=(2) is also easy, so we will prove (1)=(3).
Let e € B and assume that vy € V7, .. On the one hand we have

Mz = Mz, Mz, . zie)
and on the other hand
Mr= ] » I =
veV, . veVr, o}

Comparing these two expressions leads to

which is impossible by the fact that
’ETh,e = |VTh,e| - 1

U

Lemma 4.11. With notations and assumptions as above. There exist
aT € T(G) satisfying one of the conditions in lemma 4.10 (and hence
all off them).

Proof. We will show that there is a 7 satisfying condition (2) of lemma
4.10. Suppose 7’ is a maximal subtree of G containing vy and satisfying
condition (2) of lemma 4.10. Assume V7 # V. Let v € V' \ Vzv. Then
there is an oriented path P starting in v and ending in vg. Suppose v,
is the vertex on P nearest to v that is also contained in V7. Let P,
be the subpath of P starting in v and ending in v;. If we adjoin the
vertices and edges of P, to 7’ we obtain a bigger tree, still satisfying
4.10(2). This is a contradiction. O

Now let T}, (G) be the set of all spanning trees of G, satisfying one of
the conditions of lemma 4.10. By lemma 4.11 this is a non-empty set
and hence we may pick a particular 7y € T,,(G).

We will now be interested in when Tz ,(G) = T,,(9). It clearly
suffices to treat the case S = ) since we may always write U~ 'x, = x,.
For simplicity we define T ,,(G) = T1,7,.(G).

Lemma 4.12. With notations and assumptions as above.
Yo # v p(v) > 0=Tg () =T,,(9)
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Proof. Assume that p is such that Yo # v : u(v) > 0. We will first
show that T,,(G) C T, ,(G) and then Ty, ,(G) C T, (G).

First choose 7 € T,,(G). Then Mz M;' = 1 by lemma 4.10. Let
XulT = [lecp, . If e € Er then by lemma 4.6 b, = 2 vevy,  H(V)
and since by lemma 4.10 vy € V7, we deduce that b, > 0. Hence
T € Tr,,,(G). This proves half of lemma 4.12.

To prove the other half, let 7 € Ty, ,(G) and define x,, = x, Mz, M;".
I xy)|7T =[lecp, tb then by assumption b, > 0.

Let e € B and suppose that vy € Vz; .. Then by lemma 4.6

0> b= > n)> > nw)—pw)
UETh’e ’UGTh,e
= Z (1 — #of times v is a tail in 7) = |V7, | — [E7, |
’UGTh,e
which implies V7, .| < |E7, . |. This is of course impossible. Therefore
vy € Ez,, and by lemma 4.10 we deduce that 7 € T,,(G). O
Now let us call pu good (With respect to (vo, Zp)) if there exists an
S CE\Eg with U = [[.cs7 zh y such that if x,, = U~'y, then

n(v) >0 for all v € V' \ {vp}.
We now we use the above to prove the final theorem of this section.

Theorem 4.13. Assume that G = (V, E, h,t) is a finite, directed and
connected graph satisfying 4.9 with respect to some vy € V. Choose a
fized Ty € T,,,(G). Let f =Y. aix, where all the y;’s are good with
respect to (vo, 7). Then

AT
VG, f1) Z H (1 — 0 T))

TET eEE\ET
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5. TRACE RINGS.

Let m, n be positive integers and let V' be an n-dimensional vector
space. Define G = SL(V), W = (V@V*)™ R=SW, R = End(V)®R.
Here R will be considered as a non-commutative R-algebra.

Both R and R may be Z™-graded by giving the elements in the i’th
copy of V@ V*in W degree (0,...,1,...,0) where the 1 occurs in the
1’th place.

Both R and R admit a G-action, and it is classical that Znm = R,

Tyn = RG where Z,,, , and T, ,, are respectively the commutative trace
ring and the noncommutative trace ring of m generic n X n-matrices.

Let t = (t;)i=1,..m be indeterminates. Then it is possible to give
an expression for the Poincare series P(Z,,,,t), P(Ty.n,t) using the
Molien Weyl formula [10]. Assume that 7" C G is a maximal algebraic

torus in G. We will identify 7" with (C*)" and write its elements as

(21,...,2,) where (2;); € C*. Let T, consists of the elements (21, ..., 2,)
in T such that |z;| = 1 for all i. The Molien Weyl formula states that
1 1-— z_lz~
P(Zm,n, t) H’L;ﬁ]( ])

- dv
n! . [[ie 1H” (=2 lzjtk)

where as usual

1 dxyy AN Ndz,
2mi)" 2z

dv =

Now let /C,y,., be the following graph : K has n vertices, labeled [1], .. ., [n]
and mn(n — 1) edges labeled [i,j, k] for 1 <i,j <mn,i#j,1<k<m
where [i, j, k| starts in [i] and ends in [j].

We now choose a set of variables where t° = (t;; ”11 where ¢;; 5

-----

will be associated to the edge [i, 7, k] in /. We then obtam

-1

Z ya
P(Zpp,t) = L / Lz, (1 i) dv
7 n! 'Lk — tiik) H”’“ -2 ZJ tijk)

1 1
== _—\II ICmna 7to

where [ = H#j(l — 27 'z).
In a similar way we deduce from the Molien Weyl formula that
1 1

T (1= 6"
where g = |[,;(1 - z;lzj)} (Z?a L2 Zj).

tij =tk

Lijk=tk

P(Tyn,t) = U(Kn, g,1°)

tij =tk
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Hence we have to determine what the U(/C,,,,h,t°) are, where h
is some polynomial function of (z;'2;);;. To this end we will use the
formulas derived in the previous sections.

As a direct application of Th. 3.4 we deduce the following

Proposition 5.1. Both P(Z,,,,t) and P(T,,,,t) may be written in
the form P/Q, P, Q € Z[(tx)r] where Q is a product of terms of the
form (1 = U(t)) with U a monomial in (ty), of degree < n.

Remark 5.2. Prop. 5.1 seems to suggest that Z,,, is generated in de-
grees < m. This is completely false however, even in the case (m,n) =

(2,2). In general Z,,, is conjectured to be generated in degrees <

——— and this bound is supposed to be optimal.

Using lemma 3.3 we obtain a general formula for P(Z,,,,t) and
P(T,,.n,t) in single grading. Let s be a variable and write

P(Zm,nas) = P(Zm,n7t) |tk:s
P(Tm,na 3) = P(Tm,nat) ’tk:s

Now we introduce another set of variables u = (u;;)«.j=1... and we let
i#]

H(h,w) = U(Ky 0, b, t°)

tij1=uij — — v
T (1= Hi;éj IDERED
Then we obtain

Proposition 5.3.

1 1 1 8(m n(n—1)
P(Zy, nl) = — ujj=s
(Zns ) nl(m — 1)1 (1 — s)™ Qujy touyy - ou ! Hu H(f,1) =

Upn—1 i#j
1 1 1 a(m 1n(n—1)
P(Tm,n’t) = _‘ | mn m—19, m—1 e 1 HU, g,u |uij:5
n!(m— 1)1 (1 —s)™ Quis ouyy -+ Qul s oy

To apply Theorem 4.13, note that X, ,, obviously satisfies 4.9. We
will put vy = [n] and 7y will be the tree consisting of the edges [¢,i+1, 1]
fori=1,...,n— 1.

If we then decompose f and g into x,’s, we have to determine which
W's are good. It is easy to see that the result is given by the following
lemma

Lemma 5.4. The 1i’s occurring in the expansion of f and g are all good
(with respect to the chosen (vo, 7o) ) if (m,n) > (2,3) or (m,n) > (3,2).

Hence we have proved the following theorem :
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Theorem 5.5. With notations as above. Assume that (m,n) > (2,3)
or (m,n) > (3,2). Then Poincare series of Zy,, and T, ., are given by

1 | FIT
P(Zynt) = ==+
" n! (1 —t)" Teﬂ%m i, [eemp, (1 —12¢04T) .
L . d i e=ti

1 1 gl 7T

P(Typn,t) = —=——"—
n‘ Hk(l — tk)n TeTHO(Km,n) HBEE\ET<1 - tOC(e,T)>

Hd tij =tk
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