SOME RINGS OF DIFFERENTIAL OPERATORS FOR Sl_2-INVARIANTS ARE SIMPLE

MICHEL VAN DEN BERGH

Abstract. It has been conjectured that the ring of differential operators of the algebraic quotient of a connected smooth affine variety under a reductive group action is simple. This is known in the case that the group in question is the extension of a finite group with a torus and in the case of classical representation of classical groups. In these notes we present some tools relevant to this conjecture. In particular we show that it is true for some representations of Sl_2.

1. Introduction

For an affine algebraic variety Z over C let D(Z) be the ring of differential operators on O_Z. D(Z) has a natural filtration by order of differential operators.

Let X be an affine smooth variety over C on which a reductive group G acts. Work of Kantor, Levasseur, Musson, Schwarz, Stafford and the author suggests the following conjecture

Conjecture 1.1. (f) gr D(X//G) is finitely generated.

(s) If X is connected then D(X//G) is a simple ring.

The simplicity part of this conjecture is important for invariant theory since it implies the Hochster-Roberts theorem [25].

Conjecture 1.1 is known to be true in the case of tori, in the case of finite groups [13][17][18][19][25] and in the case of classical representations of classical groups [14].

In [19] there are powerful results concerning the finite generation part of the conjecture. The basic device is a natural map D(X)^G/(D(X)g)^G −→ D(X//G) where g = Lie(G). The (filtered) surjectivity of this map implies 1.1(f). It turns out that the properties of this map are heavily influenced by the properties of the moment map and also by the nature of the slice representations of (G, X).

In these notes we introduce a few tools which might be useful to study the simplicity part of conjecture 1.1. In particular we prove the following results :

Theorem A. Let X, G be as above and assume that X is connected. Then D(X//G) is simple if for all x ∈ X with closed orbit and with corresponding slice representation (H, N) one has that D(N//H) is simple.

Since X is smooth, it is well-known that gr D_X = O(T^∗X) where T^∗X is the cotangent bundle on X. Since O_X is G-equivariant, g acts by derivations on O_X and hence g ⊂ Der(O_X) ⊂ O(T^∗X). Denote by V (g) the common zeroes of g.

Theorem B. Assume that X is connected and let (T^∗X)^′ be a saturated open subset of T^∗X on which G acts freely. Let I ⊂ D(X)^G/(D(X)g)^G be a non-zero two-sided ideal with inverse image J ⊂ D(X)^G and put K = D(X)J with the induced filtration. Then

V (gr K) ∩ (T^∗X)^′ = ∅

As an application of these results we consider the case G = Sl_2. For this group 1.1(f) has been proved by Schwarz [19], so we concentrate on simplicity. We can prove the following

1991 Mathematics Subject Classification. Primary 16S32,32C38; Secondary 14L30.

Key words and phrases. Rings of differential operators, simple rings, slice representations, Marsden Weinstein reduction.

Theorem C. Assume that G = Sl_2 and W = ⊕^e_{i=1}S^{di} C^2 where all d_i are odd and e ≥ 2. Then D(W//G) is simple.

To prove Theorem C we use Theorems A and B to reduce ourselves to the claim that D(W//G) has no finite dimensional representations.

To prove this we have to study holonomic modules on W whose characteristic variety is contained in the unstable part of T^∗W . There we have the following :

Theorem D. Let G = Sl_2 and W = ⊕^e_{i=1}S^{d1} C^2 where all d_i are odd and e ≥ 2. Let M be in (G, D_W )-qch such that M is holonomic and Ch(M) ⊂ (T^∗W )^u. Then M ∼= L(W^u, W )^{⊕r} in (G, D_W )-qch.

For the undefined notations in the statement of Theorem D we refer to §2 and §6. We will suffice by saying that W^u is the set of points of W having zero in the closure of their orbit. (T^∗W )^u is defined similarly. L(W^u, W ) is the holonomic module on W whose the De Rham complex is the intersection homology complex on W^u, suitably shifted.

Now we give an outline of this paper, section by section. In section 2 we give some preliminaries concerning differential operators. In section 3 we show that simplicity of differential operators is, to a certain extent, a local property.

This section is more elaborate than what we need afterwards, since we work in the general setting of differential operators on filtered rings.

In section 4 we prove a slightly extended version of Theorem A, which applies also to covariants. In section 5 we recall some elementary notions from symplectic geometry and we introduce the algebraic Marsden-Weinstein reduction. This is used to prove Theorem B. The material in this section should really be extended to covariants, but time constraints have prevented me from doing so. In section 6 we give some basic facts concerning G-equivariant quasi-coherent O_X and D_X - modules. The difference between quasi-coherent and weakly quasi-coherent (G, D_X )-modules is illustrated [4]. All of this is well-known and elementary but it seems to be very hard to find references in the literature. This is aggrevated by the fact that for the sequel we are forced to work with non-affine varieties. In order not to make this section explode, we give very few proofs. Detailed proofs will appear in [24].

In section 7 we prove Theorem D. To do this we make use of the formalism of inverse and direct images for D-modules. This allows us to use an analogous result for the torus case which will be proved in [18].

In section 8 we characterize the finite-dimensional representations for some rings of differential operators for Sl_2-covariants.

Finally in section 9 we prove Theorem C.

2. Preliminaries on differential operators

Let R be a commutative C -algebra and let M, N be R-modules. Then one defines D^n_R(M, N) ⊂

HomC (M, N) inductively as follows D^nR(M, N) = 0 for n < 0 and D^n_R(M, N) = {f ∈ Hom_R(M, N) | ∀a ∈ R : [a, f] ∈ D^{n−1}_R (M, N)} In the sequel we use some standard simplified notations :

D^n_R(M) = D^n(M, M), D^n(R) = D^n_R(R)

(2.1)

Furthermore we put D_R(M, N) = ⋃ D^n_R(M, N) (2.2)

and for D_R(M, N) we use similar conventions as in (2.1).

Putting F_nD_R(M) = D^n_R(M) makes D_R(M) into a filtered ring. Furthermore composition makes D_R(M, N) into a D_R(N)−D_R(M)-bimodule. A special property in the case M = R is that gr D(R) is commutative.

Let R^∘ = R ⊗C R, M^∘ = R ⊗C M, I = ker(R^∘ −→ R), P^n_{R,M} = M^∘/I^{n+1}M^∘. P^n_{R,M} is an R-module, but we will consider it as a left R-module via the embedding R −→ R^∘ : r → r ⊗ 1. Then [19]

D^n_R(M, N) = Hom_R(P^n_{R,M} , N)

(2.3)

Now we introduce a few notions from filtered ring theory. Let A := (F_nA)_{n∈}Zbe a filtered ring such that gr A is commutative. Then gr A is equipped with a Poisson bracket coming from the commutator on A. We recall the following definition

Definition 2.1. Let B be a commutative ring with a Poisson bracket { , }. Let J ⊂ B be an ideal. Then

(1) if {J, J} ⊂ J then J is called involutive; (2) if {B, J} ⊂ J then J is called a Poissson ideal.

It is easy to see that if I ⊂ A is a two-sided ideal equipped with the induced filtration then gr I is a Poisson ideal in gr A. Furthermore, rad(gr I) is also a Poisson ideal since {f, −} is a derivation and therefore is compatible with taking radicals [9, lemma 2.20].

There is a similar result for left modules which is much deeper. Assume that Ã = ⊕_{i∈}ZF_nA is noetherian and let M be a finitely generated A-module. Then it is classical that M is equipped with a “good” filtration (that is a filtration such that M̃ = ⊕F_nM is a finitely generated Ã-module).

Then ICh(M) = rad(Ann_{gr A}(gr M)) is a graded ideal in gr A which does not depend upon the choice of the good filtration. One has the following

Theorem 2.2. [8] Let A be as above and assume that A contains Q. Then ICh(M) is involutive.

The notions connected with differential operators sheaffify well. Let X/C be a scheme of finite type and let F, G be coherent O_X-modules. Then one defines for an affine open U ⊂ X D^n_X (F, G)(U) = D^n_{OX (U )}(F(U), G(U)) This defines a coherent O_X -module D^n_X (F, G) and we use similar abreviations an in (2.1)(2.2). We also put D^n(X, F, G) = D^n_X (F, G)(X), etc . . . .

Assume now that X is smooth. Then gr D_X = O(T^∗X) where T^∗X is the cotangent bundle on X. If M is a coherent D_X -module then Ch(M) ⊂ T^∗X is the subvariety which is locally defined by ICh(M(U)). Theorem 2.2 now implies that Ch(M) is involutive for the canonical symplectic form on T^∗X (in local coordinates : ∑ i dx_i ∧ d^∂_{∂xi} ). Denote by D_X -qch the category of quasi-coherent D_X modules and by D^b(D_X -qch) the associated derived category. We will identify D_X -qch with its essential image in D^b(D_X -qch).

If π : X −→ Y is a map between smooth schemes then there is a formalism of direct and inverse images π_!, π_+, π^!, π^+ between D^b(D_X -qch) and D^b(D_Y -qch) for which we refer the reader to [3].

Assume now that Y is a closed subset of X, that X is smooth and that X and Y are irreducible. An important object is L(Y, X) which is the holonomic D_X -module whose De Rham complex is the intersection homology complex on Y (up to shift) [7]. L(Y, X) is the unique simple quasi-coherent submodule of H^{codim(Y,X)}

Y (X, O_X ) whose support is Y .

An alternative way of obtaining L(Y, X) is via the intermediate extension functor [3]. Let U ⊂ X be open such that Y ∩ U is non-empty and smooth. Let s : U −→ X be the inclusion map. Then

L(Y, X) = s_{!+}H^{codim(Y,X)} U ∩Y (U, OU ) = im(H^0(s_!H^{codim(Y,X)} U ∩Y (U, OU )) −→ s+H 0(H^{codim(Y,X)} U ∩Y (U, OU ))) Below we give two simple lemmas which apply to differential operators, and which we will need.

Lemma 2.3. Let A be a Z-graded Q-algebra and let π ∈ A_0 be such that [π, −] is multiplication by n on A_n. Then every two-sided ideal in A is graded.

This applies to differential operators in the following way. Let R be a finitely generated commutative Q-algebra and let M be a finitely generated graded R-module. Then D_R(M) is graded. Let π : M −→ M be the Euler derivation which acts by multiplication by n on M_n. Then π satisfies the hypothesis of the lemma and hence every two-sided ideal in D_R(M) is graded.

Note the Euler derivation is a canonical object which in particular is is compatible with graded group actions on (R, M).

Lemma 2.4. [5] Let A be a ring and let S ⊂ A be a multiplicative set such that for all s ∈ S the derivation [s, −] is locally nilpotent. Then S is an Öre set. Furthermore if I is a two-sided ideal in A then I_S is a two-sided ideal in A_S.

This lemma allows one to localize two-sided ideals in D_R(M) at multiplicative sets in R.

3. Differential operators on filtered rings

In this section we prove the following results.

Theorem 3.1. Let R be a connected finitely generated commutative C -algebra and let M be a finitely generated R-module. For a maximal ideal m ⊂ R denote by ^ the m-adic completion. Then D_R(M) is simple if for all maximal ideals m one has that D_{R̂m} (M̂_m) is simple.

Theorem 3.2. Let R be a finitely generated graded commutative C -algebra of the form C ⊕ R_1 ⊕ R_2 ⊕ · · · and let M be a finitely generated graded R-module. Let ^ denote completion for the R_{>0}-adic filtration on R. Then D_R(M) is simple if and only if D_{R̂}(M̂) is simple.

Remark 3.3. It seems quite plausible that the converse to Theorem 3.1 is true, but I am unable to prove it.

To prove Theorems 3.1 and 3.2 we will work in slightly greater generality, in the hope that the results obtained may be useful elsewhere. For related material from a different, but more general, view point, see [26]

We need some notions from filtered ring theory [1].

Let R be a ring equipped with an exhaustive ascending filtration (F_nR)_{n∈}Z. The Rees ring R̃ of R is the graded ring ⊕_{n∈}ZF_nR.

Let X ∈ R̃_1 = F_1R ⊂ F_0R be the element corresponding to 1 ∈ F_0R. Then R̃/XR̃ = gr R = ⊕F_nR/F_{n−1}R is the associated graded ring of R. Furthermore R̃_X = R[X, X^{−1}] and hence we recover R as (R̃_X )_0.

The completion R̂ is the (filtered) ring lim←− R/F_nR. One has ^̃R = ^̃R where on the right one takes graded completion for the (X)-adic topology on R̃.

Similar definitions and properties apply to any filtered R-module M := (F_nM)_n. We recall that a filtration on M is said to be good if M̃ is a finitely generated R̃-module.

We need the following general results.

Proposition 3.4. Suppose that R is a filtered ring with R̃ noetherian and let M be a filtered R-module with a good filtration. Then R̂ is a flat R-module and M̂ = R̂ ⊗_R M.

Proof. See for example [1]

Proposition 3.5. Suppose that R is a filtered commutative ring with R̃ noetherian, and let M, N be filtered R-modules with a good filtration. Define a filtration on Hom_R(M, N) by F_k Hom_R(M, N) = {f ∈ Hom_R(M, N) | ∀l ∈ Z: f(F_lM) ⊂ F_{k+l}N} Then

(1) this filtration is exhaustive; (2) this filtration is good; (3) the canonical map Hom_R(M, N)^ −→ Hom_{R̂}(M̂, N̂) is a filtered isomorphism.

Proof. Clearly Hom_R(M, N)^∼ = ⊕_k Hom~_{R-gr}(M̃, Ñ(k)) = Hom~_R(M̃, Ñ ) The last equality holds because M̃ is finitely generated and hence Hom~_R(M̃, Ñ) is graded.

The fact that M̃, Ñ are finitely generated and that R̃ is noetherian implies that Hom~_R(M̃ , Ñ) is finitely generated. This proves (2).

Furthermore, again using that M̃ is finitely generated, one has Hom~_R(M̃, Ñ)_{X,0} = Hom_{R[X,X}−1_](M[X, X^{−1}], N[X, X^{−1}])_0 = Hom_R(M, N) This proves (1).

For (3) we have to show that Hom_R(M, N)^^∼ −→ Hom_{R̂}(M̂, N̂)^∼ is a graded isomorphism.

On the lefthand side we have Hom_R(M, N)^^∼ = Hom_R(M, N)^∼ ^ = Hom~_R(M̃ , Ñ)^ Furthermore R̂, M̂, N̂ satisfy the same hypothese as R, M, N and hence Hom_{R̂}(M̂, N̂)^∼ = Hom~_{^R}( ^̃M, ^̃N) = Hom_{^̃R}( ^̃M, ^̃N) The result now follows by replacing M̃ with a finite free graded resolution of length 2, and using the fact that (graded) X-adic completion is exact on finitely generated (graded) modules since R̃ is noetherian.

From now on we assume that R is a commutative filtered C -algebra and that M, N are filtered R-modules. We always assume that D^n_R(M, N) is equipped with the following standard filtration F_kD^n_R(M, N) = {f ∈ D^n_R(M, N) | ∀l ∈ Z: f(F_kM) ⊂ F_{k+l}N} (3.1) There is a corresponding filtration on D_R(M, N).

If the filtration on N is separating then this is also the case for the filtration on D^n_R(M, N). Note however that in general there is no reason for the filtration on D^n_R(M, N) to be exhaustive.

By D^{n,cont}_R (M, N) we denote the differential operators of order ≤ n that are continuous with respect to the topologies defined by the filtrations. That is D^{n,cont} R (M, N) = {f ∈ D^n_R(M, N) | ∀l ∈ Z, ∃k ∈ Z: f(F_kM) ⊂ F_lN} We use the standard abreviations D^{cont}_R (M, N) = ⋃ n D^{n,cont}_R (M, N), etc . . . .

Note in particular that ⋃ k F_kD^n_R(M, N) ⊂ D^{n,cont}_R (M, N) Recall that by (2.3) D^n_R(M, N) = Hom_R(P^n_{R,M} , N) Now P^n_{R,M} , being a quotient of R ⊗C M, is equipped with a canonical induced filtration. Imitating [19] we obtain D^{n,cont} R (M, N) = Hom^{cont}_R (P^n_{R,M} , N)

(3.2) F_kD^n_R(M, N) = F_k Hom_R(P^n_{R,M} , N)

(3.3) Proposition 3.6. Assume that R̃ is finitely generated and that the filtration on M is good. Then the canonical filtration on P^n_{R,M} is good.

Proof. Clearly P^n_{R̃,M̃} is finitely generated and one verifies that the surjective mp R̃ ⊗C M̃ −→ (R ⊗C M)^∼ factors through a surjective map P^n_{R̃,M̃} −→ P̃^n_{R,M} . Therefore P̃^n_{R,M} if finitely generated.

Corollary 3.7. Assume that R̃ is finitely generated and that the filtrations om M and N are good. Then the standard filtration (3.1) on D^n_R(M, N) is exhaustive and good. In particular D^{n,cont} R (M, N) = D^n_R(M, N). Proof. By (3.3) and by Proposition 3.6 this reduces to Proposition 3.5(1) and 3.5(2). For the I-adic filtration for an ideal I ⊂ R one has a similar result.

Proposition 3.8. Assume that the filtration on R is the I-adic filtration for an ideal I ⊂ R. That is F_kR = I^{−k} if k < 0 R if k ≥ 0 Assume furthermore that the filtrations on M and N are cofinal for the induced I-adic filtration. Then the standard filtration (3.1) on D^n_R(M, N) is exhaustive.

Proof. We may as well assume that the filtration on M, N is the induced I-adic filtration. Let D ∈ D^n_R(M, N). Then one proves by induction on k, n that D(I^kM) ⊂ I^{k−n}N. Remark 3.9. If the filtration is not the I-adic filtration and if R̃ is not finitely generated then in in general D^{n,cont}(M, N) ≠ D^n(M, N). This occurs even when R̃ is noetherian. For example take R = M = N, R = C ((X)) and let R be filtered by F_kR = X^{−k}C [[X]]. Then Der^{cont}C (R) = R^∂_{∂X} but

DerC (R) is of infinite rank over R since R is a field of infinite trancedence degree.

Lemma 3.10. The canonical map P^n_{R,M} −→ P^n_{R̂,M̂} becomes a filtered isomorphism after completing.

Proof. Let I^′ = ker(R̂ ⊗C R̂ −→ R̂). We look at the following diagram 0 −−−→ I^{′n+1}M̂^∘ −−−→ R̂ ⊗C M̂ −−−→ P_{R̂,M̂} −−−→ 0

0 −−−→ I^{n+1}M^∘ −−−→ R ⊗C M −−−→ P_{R,M} −−−→ 0 (3.4)

If we give R⊗C M and R̂⊗C M̂ the canonical filtrations and I^{n+1}M^∘, I^{′n+1}M̂^∘ the induced filtrations then the exact sequences in (3.4) are strict exact and hence they remain exact after completing.

Since (R ⊗C M)^ −→ (R̂ ⊗C M̂)^ is a filtered isomorphism, it suffices to show that the image of I^{n+1}M^∘ is dense in I^{′n+1}M̂^∘.

We first show that the image of I is dense in I^′. Hence we look at 0 −−−→ I^′ −−−→ R̂ ⊗C R̂ −−−→ R̂ −−−→ 0

0 −−−→ I −−−→ R ⊗C R −−−→ R −−−→ 0 where we give I, I^′ the induced filtrations. Completing the two rows in this diagram yields an isomorphism Î = Î^′ and hence I is dense in I^′.

A simple verification shows that for the above filtrations on I^{n+1}M^∘ and I^{′n+1}M̂^∘ one has (F_{i1} I) · · · (F_{in+1} I)F_jM̂^∘ ⊂ F_{i1+···+in+1+j} (I^{n+1}M̂^∘)

A standard continuity argument now implies that the image of I^{n+1}M^∘ is dense in I^{′n+1}M̂^∘. Corollary 3.11. Assume that R̃ is finitely generated and that the filtrations on M and N are good. Let D^n_R(M, N) and D^{n,cont}_R (M, N) be equipped with the standard filtration (3.1). Then there is a filtered isomorphism between D^n_R(M, N)^ and D^{n,cont}_{R̂} (M̂ , N̂). In particular the standard filtration on D^{n,cont}_R (M, N)^ is exhaustive.

Proof. We have

D^{n,cont}(M, N) = Hom^{cont}_{R̂} (P^n_{R̂,M̂} , N̂) by (3.2) = Hom^{cont}_{R̂} (P̂^n_{R̂,M̂} , N̂) because N̂ is complete = Hom^{cont}_{R̂} (P̂^n_{R,M} , N̂) by lemma 3.10 Now by Proposition 3.6, P_{R,M} carries a good filtration, and hence the same is true for its completion P̂_{R,M} . Therefore

Hom^{cont}_{R̂} (P̂^n_{R,M} , N̂) = Hom_{R̂}(P̂^n_{R,M} , N̂) by Prop. 3.5(1) = Hom_R(P^n_{R,M} , N)^ by Prop. 3.5(3) = D^n_R(M, N)^ Assume now that R̃ is finitely generated and that M, N have good filtrations. Then corollary 3.11 together with Proposition 3.4 gives us an isomorphism between D^{n,cont}_{R̂} (M̂, N̂) and R̂ ⊗ D^n_R(M, N). Taking direct limits this extends to an isomorphism between D^{cont}_{R̂} (M̂ , N̂) and R̂ ⊗_R D_R(M, N).

This leads us to the following lemma :

Lemma 3.12. Assume that R̃ is finitely generated and that the filtration on M is good. If I is a two-sided ideal in D_R(M) then under the above isomorphism, R̂ ⊗_R I defines a two-sided ideal in D^{cont}_{R̂} (M̂ ).

Proof. Let I_n = I ∩D^n_R(M). Then by the fact that R̃ is noetherian and by corollary 3.7, the induced filtration on I_n is good. Hence we have by Proposition 3.4 R̂ ⊗_R I = lim −→ R̂ ⊗_R I_n = lim Î_n (3.5)

and it is easily seen that the right hand side of (3.5) is a two-sided ideal in lim−→ D^n_R(M)^ = D^{cont}_{R̂} (M̂ ).

Proof of Theorem 3.1. Clearly if m ⊂ R is a maximal ideal then for the m-adic filtration one has that R̃ is finitely generated and that the induced filtration on M is good. So the above theory applies.

Let I ⊂ D_R(M) be a non-trivial two-sided ideal. Then there exists some n such that I_n = I ∩ D^n_R(M) is neither zero, nor equal to D^n_R(M).

D^n_R(M) contains R and hence we have 0 = Ann_R D^n_R(M) ⊃ Ann_R I_n · Ann_R(D^n_R(M)/I_n) By hypotheses R is connected. This implies that Ann_R I_n + Ann_R(D^n_R(M)/I_n) ≠ R Hence choose a maximal ideal m ⊃ Ann_R I_n+Ann_R(D^n_R(M)/I_n). Then for this m one has R̂_m⊗_RI ≠ 0 and R̂_m ⊗_R (D_R(M)/I) ≠ 0. This yields a contradiction with lemma 3.12 which asserts that R̂_m ⊗_R I defines a two-sided ideal in Dcont_{R̂m} (M̂_m) = D_{R̂m} (M̂_m) (by Prop. 3.8).

Now we discuss the following situation. Assume that R is a graded ring, finitely generated over C and let M, N be finitely generated R-modules. We consider R as a filtered ring via F_kR = ⊕_{l≥k}R_l (3.6) M, N are considered as filtered R-modules in a similar way. Note that R̃ = R[X], etc . . . . In particular R̃ is finitely generated and the filtrations on M̃ and Ñ are good, so the above theory applies.

It follows easily from the hypotheses that D^n(M, N) is graded and hence gr D^n_R(M, N) = D^n_R(M, N) (3.7)

From this one deduces the following

Proposition 3.13. Let R, M, N be as above. Then

gr D^{n,cont}_{R̂} (M̂ , N̂) = D^n_R(M, N)

Proof. We have

gr D^{n,cont}_{R̂} (M̂, N̂) = gr D^n_R(M, N)^ by cor. 3.11 = gr D^n_R(M, N) = D^n_R(M, N) by (3.7)

Proof of Theorem 3.2. The R_{>0}-adic filtration is cofinal with the filtration introduced by (3.6), hence we may use the latter. In particular by Proposition 3.8 one has D^{cont}_{R̂} (M̂ ) = D_{R̂}(M̂).

By Proposition 3.13 we have that gr D_{R̂}(M̂) = D_R(M) and hence if D_R(M) is simple then D_{R̂}(M̂ ) is simple. Note that this conclusion uses the fact that the filtration (3.1) on D_{R̂}(M̂) is separating, which follows easily from the definition.

Conversely assume that D_{R̂}(M̂) is simple and let I be a two-sided ideal in D_R(M). By lemma 2.3 one knows that I is graded.

Furthermore R̂ ⊗_R I defines a two-sided ideal in R̂ ⊗_R D_R(M) = D_{R̂}(M̂) and hence, since D_{R̂}(M̂ ) is simple by hypothesis one either has R̂ ⊗_R I = 0 or R̂ ⊗_R I = D_{R̂}(M̂) = R̂ ⊗_R D_R(M).

Now R̂ is faithfully flat for graded modules and hence I = 0 or I = D_R(M).

4. Simplicity of rings of differential operators and slice representations In this section we follow some of the conventions and notations of [19, §1,2,4]. In particular X will be a smooth connected affine variety over C and G will be a reductive group acting on X. E will be a G-vector bundle on X (the naive definition of this notion suffices, for a more complete discussion see §6).

Let x ∈ X be such that Gx is closed. Let H be the stabilizer of x. Then the tangent space T_x(Gx) is isomorphic to g/h where g, h are the Lie algebras of G, H. Since H is reductive there is a H-decomposition T_x(X) = N ⊕ g/h. The representation (H, N) is called the slice representation at x.

Of course H also acts on the fiber E_x, which gives another H-representation associated to the point x. We denote by E_{x,N} the corresponding trivial H-vectorbundle on N.

Let E^G be the coherent sheaf on O_{X//G} with global sections H^0(X, E)^G.

Theorem A’. Let X, G, E be as above. Then D(X//G, E^G ) is simple if and only if for all x ∈ X with closed orbit and with corresponding slice representation (H, N) one has that D(N//H, E^H_{x,N} ) is simple.

Proof. Let x ∈ X be such that Gx is closed. By the Luna slice theorem [15] there exists a Hinvariant “slice” S to Gx containing x such that there are etale maps N//H^β←− S//H^α−→ X//G where α is induced from the inclusion S → X and β sends x̄ to ¯0.

Furthermore by [19, lemma 2.3] we may shrink S in such a way that α^∗E^G = β^∗E^H_{x,N} . Hence Ô_{X//G,x̄} = Ô_{N//H,}¯_0 and likewise (^E^G)_{x̄} = ( ^E^H_{x,N} )¯_0.

Therefore Theorem 3.1 implies that D(X//G, E^G ) is simple if all D_{ÔN//H,¯0} (( ^E^H_{x,N} )¯_0) are simple. Now O(N//H) = O(N)^H and E^H_{x,N} (N//H) = (E_x ⊗C O(N))^H are graded and therefore we may invoke Theorem 3.2 to deduce that D_{ÔN//H,¯0} (( ^E^H_{x,N} )¯_0) is simple if and only if D_{O(N//H)}(E^H_{x,N} (N//H)) = D_{N//H}(E^H_{x,N} ) is simple.

Theorem A’ allows one to give a seemingly weaker version of conjecture 1.1(s)

Conjecture 4.2. Let G be a reductive group and let W be a finite dimensional G-representation. Let J ⊂ C [W//G] be a graded ideal of finite codimension. Then D(W//G)JD(W//G) = D(W//G) Proposition 4.3. Conjecture 1.1(s) and conjecture 4.2 are equivalent.

Proof. It is clear that conjecture 1.1(s) implies conjecture 4.2. So assume that conjecture 1.1(s) is false. Then by Theorem A’ there exists a counterexample of the form (G, W ) with W a representation. Choose this counterexample in such a way that (dim G, dim W ) is miminal in the lexicographic ordering.

If W = W^′ ⊕F where F is a trivial representation then D(W//G) is a Weyl algebra over D(W^′//G) and it is easily seen that this implies that D(W^′//G) is also a counterexample. Hence W^G = 0 or equivalently every point in W has a stabilizer strictly smaller than G. Theorem 3.1 and the minimality of (G, W ) imply that if f ∈ C [W//G] such that f(¯0) = 0 then D((W//G)_f ) is simple.

Let I ⊂ D(W//G) be a non-trivial two-sided ideal. By lemma 2.3 we know that I is graded. Put

J = C [W//G] ∩ I. If J is not of finite codimension then there exist f ∈ C [W//G] \ rad J such that

f(¯0) = 0.

By lemma 2.4 I_f is then a non-trivial two-sided ideal in D((W//G)_f ) but it has been shown above that this is impossible. Hence J is of finite codimension.

Now suppose that conjecture 4.2 is true. Then I ⊃ D(W//G)JD(W//G) = D(W//G) contradicting the choice of I.

5. The Marsden-Weinstein reduction

In this section we recall some elementary notions from symplectic geometry. We assume that Z is a smooth connected affine variety over C with a symplectic form ω ∈ H^0(Z, Ω^2_{Z/}C ) and with corresponding Poisson bracket { , }.

We assume that G is a reductive group acting symplectically on Z (that is ω is G-invariant) with Lie algebra g and with moment map μ : Z −→ g^∗. That is μ is a G-equivariant map of affine varieties over C such that for all x ∈ Z, ζ ∈ T_xX and v ∈ g one has dμ_x(ζ) · v = ω_x(ζ, v_x) (5.1)

Here x → v_x denotes the vector field obtained from the left action of G on Z and we have identified T_{μ(x)}g^∗ with g^∗. For f ∈ O(Z) we let H_f stand for the corresponding Hamiltonian vector field on Z. That is if g ∈ O(Z) then H_f (g) = {f, g}. The relation between ω and { , } is given by ω(H_f , H_g) = {f, g}. If v ∈ g then we define f_v as the function x → μ(x) · v. One has the following relation :

Lemma 5.1. Let v ∈ g then for x ∈ Z : (H_{fv} )_x = v_x.

Proof. We have to show for g ∈ O(Z) : {f_v, g}(x) = v_x(g).

Let ζ ∈ T_xZ. Then by the definition of f_v and the moment map ζ(f_v) = dμ_x(ζ) · v = ω_x(ζ, v_x). Hence {f_v, g}(x) = −(H_g)_x(f_v) = ω_x(v_x, (H_g)_x).

On the other hand for h ∈ O(Z) one has H_h(g) = {h, g} = ω(H_h, H_g) and since the H_h span T Z we obtain ω_x(v_x, (H_g)_x) = v_x(g).

Lemma 5.2. Let v ∈ g and g ∈ O(Z)^G. Then

(1) {f_v, g} = 0 (2) The defining ideal of the (scheme theoretic) fiber μ^{−1}(0) is closed under {−, g}.

Proof. (1) One has {f_v, g}(x) = v_x(g) = 0 since g is G-invariant.

(2) The defining ideal of μ^{−1}(0) is spanned by (f_v)_{v∈g} so (2) follows from (1).

The Marsden-Weinstein reduction Y of Z is defined as Y = μ^{−1}(0)//G by analogy with the corresponding C^∞-notion [16][20]. Perhaps one should call this the schemetheoretic Marsden-Weinstein reduction, and the set theoretic version would then be given by Y_{red}. However we have no use for this concept.

On Y there is a natural Poisson bracket defined as follows. Let f, g ∈ O(Y ). Then we may choose f^′, g^′ ∈ O(Z)^G such that f^′ | Y = f, g^′ | Y = g. We put {f, g}_Y = {f^′, g^′}. It follows from lemma 5.2 that this is well defined.

Proposition 5.3. Assume that G acts freely on Z. Then Y is a smooth symplectic variety.

Proof. First note that now (5.1) implies that dμ_x is surjective and hence μ is smooth. This implies that μ^{−1}(0) is also smooth. By hypothesis G acts freely on μ^{−1}(0) which implies that Y is smooth.

Let ϕ : Z −→ Z//G be the quotient map. We define a 2-form on Y by the following device. Let ζ, η ∈ T μ^{−1}(0). Then ω_Y (dϕ(ζ), dϕ(η))^{def}= ω(ζ, η) It follows easily from (5.1) that this is well defined, and defines a symplectic form on Y . Furthermore the associated Poisson bracket is the one we have defined earlier.

We recall the following result :

Proposition 5.4. Assume that Y is an affine connected smooth symplectic variety over C . Then there are no non-trivial Poisson ideals in O(Y ).

Proof. This is well-known. We give a sketch of a proof. Let I ⊂ O(Y ) be a non-trivial Poisson ideal. Since Y is connected, there exists y ∈ Y such that I_y ≠ 0, I_y ≠ O(Y )_y. Now completing defines a non-trivial Poission ideal Î_y in Ô_{Y,y}. However as a Poisson ring Ô_{Y,y} is isomorphic to Ô_{Y,y} = C [[x_1, . . . , x_n, y_1, . . . , y_n]]

with Poisson bracket {x_i, x_j} = 0, {y_i, y_j} = 0 for all i, j and {x_i, y_j} = 0 if i ≠ j 1 if i = j

Hence {x_i, −} =^∂_{∂yi} , {y_i, −} = −^∂_{∂xi} . So a Poisson ideal in Ô_{Y,y} must be stable under^∂_{∂xi} ,^∂_{∂yi} which implies that Î_{Y,y} = 0 or Î_{Y,y} = Ô_{Y,y}. This yields a contradiction.

Proof of Theorem B. A moment map for the action of G on T^∗X is given by μ : T^∗ −→ g^∗ : (x, ω_x) → (v → ⟨v_x, ω_x⟩). There is a surjective map O(μ^{−1}(0)//G) −→ gr(D(X)^G/(D(X)g)^G compatible with Poisson brackets. Then Theorem B follows easily from Proposition 5.3 and Proposition 5.4.

6. Preliminaries on G-equivariant quasi-coherent O_X and D_X -modules In this section we state, without proofs, some properties of G-equivariant sheaves. Detailed proofs occur in [24]. Including them here would blow up this section out of proportion. Furthermore much of what we say is clear if the underlying scheme is affine. However for use in the sequel we are forced to adopt a more general framework.

6.1. G-equivariant quasi-coherent O_X -modules. Below X will be an arbitrary scheme over C and G will be a linear algebraic group over C , acting on X. e ∈ G will be the unit element and m_e ⊂ O(G) will be the corresponding maximal ideal. The category of quasi-coherent O_X-modules will be denoted by O_X -qch.

We start with the following diagram of objects and maps

G × G × X d_0−→ d_1−→ d_2−→ G × X d_0−→ s_0←− d_1−→ X (6.1) d_0(g_1, x) = g^{−1}_1 x d_0(g_1, g_2, x) = (g_2, g^{−1}_1 x) d_1(g_1, x) = x d_1(g_1, g_2, x) = (g_1g_2, x) s_0(x) = (e, x) d_2(g_1, g_2, x) = (g_1, x)

Definition 6.1.1. [2] A G-equivariant quasi-coherent O_X -module is a pair (F, θ) where F ∈ O_X-qch and θ is an isomorphism d^∗_1F → d^∗_0F in O_{G×X} -qch such that

d^∗_0θ ∘ d^∗_2θ = d^∗_1θ

s^∗_0θ = id_F

(6.2)

The corresponding category is denoted by (G, O_X)-qch.

If there is no possibility for confusion we will simply write F for (F, θ).

Example 6.1.2. If F = O_X then we may take θ = id. Then (6.2) is obviously satisfied.

Let g ∈ G and let i_g : X −→ G×X : x → (g, x) be the corresponding inclusion. Then i^∗_g(θ) defines for all open U ⊂ X a map F(U) −→ F(g^{−1}U). We denote by g : F(U) −→ F(gU) the inverse of this map. This defines an action on F of the discrete group G^{dis} associated to G (see [11]). So, with obvious notations, one has a functor (G, O_X)-qch −→ (G^{dis}, O_X)-qch which is fully faithful, but not an equivalence (see below for the affine case).

Functors compatible with (flat or smooth) base-change preserve G-equivariance, since they preserve (6.2).

For example if π : Y −→ X is G-equivariant and satisfies some benign conditions (see [12]) then π_∗(F, θ) = (π_∗F, θ^′) where θ^′ makes the following diagram commutative

(id × π)_∗d^∗_1F^{(id×π)∗(θ)} −−−−−−→ (id × π)_∗d^∗_0F

d^∗_1π_∗F^{θ′}−−−→ d^∗_0π_∗F Here the vertical maps are the canonical identifications given by base-change. In the sequel we will use such “G-equivariant functors” implicitly.

Now let (F, θ) be in (G, O_X) and let U ⊂ X be an affine open. Take f ∈ F(U) and put l(f) = p^∗(θ(d^∗_1f)) where p(g, x) = (g, gx). l(f) is a section of (d^∗_1F)(p^{−1}(G × U)). Now p^{−1}(G × U) is a neighborhood of e × U and hence we may consider l(f) as a section of (s^{−1}_0 F)(U). Hence we have defined a map of sheaves on X l : F −→ s^{−1}_0 F Let O(Ĝ) = lim←− O(G)/m^n_e be the formal group associated to G. Then s^{−1}_0 F is embedded in O(Ĝ) ^⊗F ( ^⊗ = completed tensor product) and hence we may view l as a “coaction” l : F −→ O(Ĝ) ^⊗ F Denote by ⟨ , ⟩ the canonical pairing between O(G) and O(Ĝ)^{∗ def}= lim−→(O(G)/m^n_e )^∗ and let g ⊂

(m_e/m^2_e)^∗ = O(Ĝ)^∗ be the Lie algebra associated to G. Then we may define a left action l : g⊗F −→ F by the composition g ⊗ F^{1⊗l}−−→ g ⊗ O(Ĝ) ^⊗ F^{−⟨ , ⟩⊗1}−−−−−→ F If v ∈ g, f ∈ F(U) then, if no confusion is possible, we write vf for l(v ⊗ f).

The g-action on F is compatible with the g-action on O_X (O_X is in (G, O_X)-qch by example 6.1.2)in the following sense : if a ∈ O_X (U), f ∈ F(U), v ∈ g then v(af) = (va)f + a(vf).

If we denote by (g, O_X )-qch the category of quasi-coherent O_X-modules, equipped with a compatible g-action then we have defined a functor (G, O)-qch −→ (g, O_X )-qch. This functor has some good properties [24]. In particular we mention the fact that it is fully faithful if G is connected.

If X happens to be affine then things are easier. In that case O(X) is a rational G-representation via g(f) = f ∘ g^{−1}. Furthermore the coaction l defined above is in this case obtained from a coaction of O(G) on F(X) and hence F(X) also becomes a rational G-representation. If we denote by (G, O(X))-mod the category of O(X)-module equipped with a rational G-action, compatible with the G-action O(X) then F → F(X) defines an equivalence between (G, O_X )-qch and (G, O(X))-mod. The induced g-action on F(X) is now obtained by differentiating the G-action. This makes sense since F(X) is rational (= locally finite).

6.2. G-equivariant differential operators. Our conventions are as before but now we assume that X is of finite type over C . F, G will be coherent G-equivariant O_X-modules. Then D_X (F, G) is also G-equivariant in a canonical way. It is clear how to define the action of the discrete group G^{dis} associated to G. Let g ∈ G and let D ∈ D_X (F, G)(U). Then we put g(D) = g ∘ D ∘ g^{−1} (6.3)

which defines an element of D_X (F, G)(gU).

It is slightly less obvious why D_X (F, G) is in (G, O_X )-qch. In fact this depends on X being of finite type. One possibility is to introduce relative differential operators D_{X/S}(F, G) where X is a scheme over some base-scheme S. Under our hypotheses such relative differential operators are compatible with flat base-change.

Example 6.2.1. Let T be a one dimensional torus and let X be an infinite dimensional rational T -representation with an infinite number of different weights. Then D(X) contains Der(O_X ) which is an infinite product of copies of C . It is easy to see that the induced torus action on Der(O_X) is not rational.

By the discussion in §6.1 there is an induced g-action on D_X (F, G). One may show [24] that this g-action is as follows. Let U ⊂ X be an open affine, D ∈ D_X (F, G)(U) = D_X (F(U), G(U)), f ∈ F(U), v ∈ g. Then (vD) ∗ (f) = v(D ∗ f) − D ∗ (vf) (6.4)

Here “∗” denotes the action of a differential operator. For v ∈ g denote by D_v ∈ D(X, F) the element which corresponds to the action of v on F. Then (6.4) may be written as v(D) = [D_v, D]. Note that in the affine case this follows easily by differentiating (6.3).

We denote the category of G-equivariant quasi-coherent-O_X modules M, equipped with a Gequivariant D_X (F)-action D_X (F) ⊗_{OX} M −→ M by (G, D_X (F))-wqch. Object in (G, D_X (F))-wqch are called “weakly G-equivariant quasi-coherent D_X (F)-modules.”

A G-equivariant quasi-coherent D_X (F) module is an object M of (G, D_X (F))-wqch for which the action of all v ∈ g (obtained from the fact that M is in particular in (G, O_X )-qch) coincides with the action of D_v (obtained from that fact that M is in D_X (F)-qch). The corresponding category is denoted by (G, D_X (F))-qch.

The following example illustrates the difference between (G, D_X (F))-wqch and (G, D_X (F))-qch.

Example 6.2.2. Assume that X is a point. Then (G, D_X )-wqch is the category of rational Grepresentations, whereas (G, D_X )-qch is the category of C vectorspaces, with trivial G-action.

There is a functor M → D_X (F, G) ⊗_{DX (F)} M from D_X (F)-qch to D_Y (G)-qch extending to a functor from (G, D_X (F))-wqch to (G, D_X (G))-wqch. Using (6.4) one may show :

Lemma 6.2.3. The above functor sends (G, D_X (F))-qch to (G, D_X (G))-qch

The following result will be extremely useful for us [23][24]

Theorem 6.2.4. Assume that G is connected. Then the forgetful functor (G, D_X (F))-qch −→ D_X (F)-qch is fully faithful. Furthermore if M ∈ (G, D_X (F))-qch and N ⊂ M in D_X (F)-wqch then N ∈ (G, D_X (F))-qch.

We now look at the case where X is smooth and F = O_X . Then it is well-known [4] (see also [24]) that there is the following alternative description of (G, D_X )-qch. A G-equivariant quasi-coherent D_X -module can be represented by a pair (F, θ) where F is in D_X -qch and θ : d^∗_1F −→ d^∗_0F is in D_{G×X} -qch such that (6.1) holds. Note that this makes sense since both d^∗_1F and d^∗_0F are in D_{G×X} -qch [3].

In a similar way as in §6.1 this implies that object in (G, D_X )-qch are compatible with standard functors, since these commute with smooth base-change. We think in particular of H^iπ_+, H^iπ^! for a G-equivariant map π and H^i_Y (X, −) for a G-equivariant closed subset Y of X. It also follows from the description in §2 that L(Y, X) is in (G, D_X )-qch.

Theorem 6.2.4 and the discussion thereafter dispenses us to a certain extent of having to work with G-equivariant derived categories [2] (if G is connected).

That is, instead of directly computing in (G, D_X )-qch we work in D_X -qch (or in D^b(D_X -qch)) and in the end we know that we obtain G-equivariant sheaves, having a unique G-structure.

We need the following generalization of a well-known result on quasi-coherent sheaves. Assume that H ⊂ G acts on a smooth scheme Y/C and assume that X = G ×^H Y = G × Y//H exists. Let [e] stand for the class of H in G/H. Then

Lemma 6.2.5. M → M_{[e]} induces an equivalence between (G, D_X )-qch and (H, D_Y )-qch.

The inverse to M → M_{[e]} will be denoted by ~.

Now we let X be again as in the beginning of §6.2, but, for simplicity, we assume in addition that X is affine and that G is reductive. X//G is the usual algebraic quotient and ϕ : X −→ X//G is the quotient map. If F ∈ (G, O_X )-qch then we denote by F^G the sheaf in O_{X//G}-qch whose global sections are F(X)^G.

We look at the folllowing objects :

D_X (F)^G/(D_X (F)g)^G

which is in O_{X//G}-qch and D_X (F)/D_X (F)g

which is in O_X -qch. Note that we have identified g with its image in D_X (F).

Lemma 6.2.6. (1) D_X (F)^G and g commute inside D_X (F)

(2) D_X (F)^G/(D_X (F)g)^G is a sheaf of rings on X//G.

(3) D_X (F)/D_X (F)g is a D_X (F) − ϕ^{−1}(D_X (F)^G/(D_X (F)g)^G)-bimodule. (4) There is a functor D_X (F)^G/(D_X (F)g)^G-qch −→ (G, D_X (F))-qch given by

N → D_X (F)/D_X (F)g ⊗_ϕ−1_{(DX (F)}G_{/(DX (F)g)}G_) ϕ^{−1}N

with quasi-inverse

( )^G : (G, D_X (F))-qch −→ D_X (F)^G/(D_X (F)g)^G-qch : M → M^G

(5) Taking G-invariants defines a homomorphism of seaves of rings D_X (F)^G/(D_X (F)g)^G −→ D_{X//G}(F^G) Proof. (1) If D is an invariant differential operator then g(D) = D for all g ∈ G. Differentiating yields that v(D) = 0 for all v ∈ g. Now we have seen above that v(D) = [D_v, D] and hence D and D_v commute.

(2),(3),(4) follow from (1). For (5) we use that if f ∈ F(X)^G then gf = 0 which follows from differentiating the G-action.

Remark 6.2.7. Sometimes D_X (F)^G/(D_X (F)g)^G is a more interesting object than D_{X//G}(F^G). For example if X = C^r and G = C^∗ , acting diagonally on X then X//G is a point and hence D_{X//G} is trivial whereas D^G_X /(D_X g)^G corresponds to the global differential operators on P^{r−1}.

7. Unstable holonomic modules for Sl_2

Below we will assume G = Sl_2(C ) and W = ⊕^e_{i=1}W^{(i)} is a G-representation with W^{(i)} = S^{di} C^2 . Let T^∗W be the cotangent bundle of W and p : T^∗W −→ W the natural projection map. G acts on T^∗W by g(x, ω_x) = (gx, (g^{−1})^∗_xω_x) and p is obviously G-equivariant.

We denote by W^u the unstable part of W . That is W^u = {x ∈ W | 0 ∈ Gx} (T^∗W )^u is defined similarly.

In this section we aim to prove Theorem D by reduction to the torus case where we have the following [18]

Theorem 7.1. Assume that T is a torus and W a finite-dimensional T -representation which is unstable (that is 0 is in the closure of every orbit). Let M ∈ (T, D_W )-qch be coherent as O_W - module. Then M = O^{⊕r}_W in (T, D_W )-qch, for some r ∈ N.

We will prove Theorem D at the end of this section. First we need to introduce some more notations.

Let T =

(_{∗ 0} 0 ∗ ) , B = (_{∗ ∗} 0 ∗ ) ⊂ Sl_2(C ) be resp. a maximal torus and a Borel subgroup. Let λ : z → diag(z, z^{−1}) be a one-parameter subgroup of T . Put W_λ = {x ∈ W | lim_t −→0 λ(t)x = 0} It follows from the Hilbert-Mumford criterion that W^u = GW_λ.

W_λ is B-stable, and hence there is a canonical quotient map G×^B W_λ −→ GW_λ which is birational, and which is a bijection outside {0}.

There is a similar description for (T^∗W )^u. If we identify T^∗W with W ⊕ W^∗ then (T^∗W )^u = G(W_λ ⊕ (W^∗)_λ) and G ×^B (W_λ ⊕ (W^∗)_λ) −→ G(W_λ ⊕ (W^∗)_λ) is a bijection outside (0, 0). From this one deduces the following lemma

Lemma 7.2. Let x ∈ W_λ \{0}. Then the settheoretic fiber p^{−1}(x)∩(T^∗W )^u of x is equal to (W^∗)_λ.

Let X(T ) be the character group of T . We identify X(T ) = Zwhere 1 corresponds to ( z 0 0 z−1 ) → z. Then W_λ is a linear subspace of W whose T -weights are all > 0. Let W_1 ⊂ W be spanned by all weight-vectors of weight > 2.

We choose a basis H, E, F for g = Lie(G) such that [H, E] = 2E, [H, F ] = −2F and [E, F ] = H. Differentiation the G-action yields a g-action on W .

Each W^{(i)} has a basis w^{(i)}_0 , . . . w^{(i)}_{di} such that the action of g on W^{(i)} is given by

Hw^{(i)}_j = (d_i − 2j)w^{(i)}_j Ew^{(i)}_j = jw^{(i)}_{j−1} F w^{(i)}_j = (d_i − j)w^{(i)}_{j+1}

(7.1)

There are corresponding decompositions

W_λ = ⊕^e_{i=1}W^{(i)}_λ , W_1 = ⊕^e_{i=1}W^{(i)}_1

where W^{(i)}_λ (W^{(i)}_1 ) is spanned by those w^{(i)}_j such that d_i − 2j > 0(2).

For x ∈ W and v ∈ g we denote by v_x the tangent vector v of G transported to x through the action of G on W . To be more precise let γ be a curve on G with tangent vector v at e. Then v_x =^d_t γ(t)x | | | t=0.

If we identify T_xW with W then the pairing g × W −→ W : (v, x) → v_x is precisely the action of g on W obtained by differentiating the action of G on W .

Lemma 7.3. The map π : G ×^B W_λ −→ GW_λ ⊂ W is a closed immersion precisely on G ×^B (W_λ − W_1).

Proof. Let x ∈ W_1. We have to determine when T_{(e,x)}(G ×^B W_λ)^{(dπ)x}−−−→ T_x(W ) is an injection. That is : when does the image of (dπ)_x have dimension 1 + dim W_λ ?

The quotient map ψ : G × W_λ −→ G ×^B W_λ is smooth and hence T_eG × T_xW_λ = T_{(e,x)}(G × W_λ)^{(dψ)x}−−−→ T_{(e,x)}(G ×^B W_λ) is surjective.

Let θ = π ∘ ψ be the composed map given by G × W_λ −→ W : (g, x) → gx. Then we have to find out when the image of T_eG × T_xW_λ^{(dθ)x}−−−→ T_xW has the right dimension.

(dθ)_x is given by (v, ζ) → v_x + ζ. If we identify T_xW_λ = W_λ, T_xW = W then using the explicit description of the g-action on W given by (7.1), one sees that dim im(dθ)_x < dim W_λ + 1 ⇐⇒ F_x ∈ W_λ ⇐⇒ x ∈ W_1 Corollary 7.4. GW_λ − GW_1 is smooth.

If S ⊂ W is locally closed and smooth then T^∗_S (W ) will be the conormal bundle of S in W . We will need the following result.

Lemma 7.5. Assume that all d_i are odd and e ≥ 2. Let S ( W^u be G-stable, locally closed and smooth. Then T^∗_S W ⊄ (T^∗W )^u Proof. The proof parallels the proof of lemma 7.3.

The result is clear if S = {0} so, by shrinking S if necessary, we may assume 0 ∉ S. Furthermore, without loss of generality, we may assume that S is irreducible.

Put K = S ∩ W_λ. Then GK = S ∩ GW_λ = S. Furthermore K is B-stable and hence there is a projective projection map π : G ×^B K −→ S ⊂ W which is an isomorphism since it is bijection and S is smooth. In particular one deduces that K is smooth.

For our aim it is sufficient to show that there exist x ∈ K such that (T^∗_S W )_x ⊄ (W^∗)_λ

(7.2) (see lemma 7.2).

To compute (T^∗_S W )_x we use the standard exact sequence 0 −→ (T^∗_S W )_x −→ T^∗_x W −→ T^∗_x S −→ 0 (7.3) By what we have said above : T^∗_x S^{π∗x}−→ T^∗_{(e,x)}(G ×^B K) is an isomorphism.

Furthermore the quotient map ψ : G × K −→ G ×^B K is smooth and hence the corresponding ψ^∗_x : T^∗_{(e,x)}(G ×^B K) −→ T^∗_{(e,x)}(G × K) = T^∗_e G × T^∗_x K is injective. Therefore (7.3) becomes an exact sequence 0 −→ (T^∗_S W )_x −→ T^∗_x W^{θ∗x}−→ T^∗_e G × T^∗_x K Here θ = π ∘ ψ is the map G × K −→ W : (g, t) → gt θ^∗_x is the dual of (dθ)_x : T_eG × T_xK −→ T_xW : (v, ζ) → v_x + ζ

If we identify T_x(W ) with W^∗ then

(W^∗)_λ = {f ∈ W^∗ | f(W_λ) = 0} (T^∗_S W )_x = {f ∈ W^∗ | f ∘ (dθ)_x = 0}

Hence (7.2) is equivalent with im(dθ)_x ⊅ W_λ.

Obviously dim im(dθ)_x ≤ dim K + 1. Hence if dim W_λ − dim K ≥ 2 then we are done. So we assume dim W_λ − dim K = 1. In this case we need a slightly more refined analysis.

If we would have im(dθ)_x ⊃ W_λ then by comparing dimensions im(dθ)_x = W_λ. Hence to contradict this it is sufficient to find x ∈ K, v ∈ g such that v_x ∉ W_λ. Therefore we assume that such a pair (x, v) does not exist. That is for all x ∈ K and for all v ∈ g one has v_x ∈ W_λ.

Now by the description of the g-action on W (7.1) we know that F_x ∈ W_λ ⇐⇒ x ∈ W_1. Hence K ⊂ W_1. However our hypotheses imply that codim(W_1, W ) ≥ 2 which yields a contradiction.

If S ⊂ W is a closed subset then we denote by T^∗_S W the closure in T^∗W of the cotangent bundle of the smooth part of S.

Lemma 7.6. (1) The category of holonomic D_W -modules M such that Ch(M) ⊂ (T^∗W )^u is closed under subquotients and extensions.

(2) Assume that W and M are as in Theorem D. Then

Ch(M) = T^∗_W u (W )

(3) Let W and M be as in Theorem D and let s : W − GW_1 −→ W be the inclusion map. Then s_{!+}(M | W − GW_1) = M.

Proof. (1) Clear.

(2) Let ⋃ i Λ_i = Ch(M) be the decomposition in irreducible components of Ch(M). Since Ch(M) is conical and Lagrangian one has

Ch(M) = ⋃ i T^∗_{p(Λi)}W By lemma 7.5 we necessarily have p(Λ_i) = W^u.

(3) Let K = ker(H^0(s_!(M | W − GW_1)) −→ H^0(s_+(M | W − GW_1))). Clearly Supp K ⊂ GW_1.

We have the following diagram M

0 −−−→ K −−−→ H_0(s_!(M | W − GW_1)) −−−→ H_0(s_+(M | W − GW_1)) (7.4)

By (1)(2) the composition K −→ H_0(s_!(M | W − GW_1)) −→ M is zero. Hence (7.4) yields a map s_{!+}(M | W − GW_1) −→ M (7.5)

whose kernel and cokernel have support in GW_1.

So by (1)(2) the cokernel of (7.4) is zero. Furthermore s_{!+}(M | W −GW_1), being a submodule of s_∗(M | W − GW_1) has no submodules with support contained in GW_1. Therefore the kernel of (7.5) is also zero.

Proof of Theorem D. Let r : G ×^B (W_λ − W_1) −→ G ×^B W_λ and s : W − GW_1 −→ W be the inclusion maps and let π : G ×^B W_λ −→ W be given by (g, x) → gx.

Note that by lemma 7.3, π | G ×^B (W_λ − W_1) is a closed immersion. Hence by Kashiwara’s theorem (π_+π^!M) | W − GW_1 = M | W − GW_1 By lemma 7.6(2) and corollary 7.4 we know

Ch(M | W − GW_1) = T^∗_W u_{−GW1} W

By [3, p. 260] this implies that

Ch(π^!M | G ×^B (W_λ − W_1)) = T^∗_{G×}B_{(Wλ−W1)}(G ×^B (W_λ − W_1))

In particular π^!M | G ×^B (W_λ − W_1) is a coherent O_{G×}B_{(Wλ−W1)} module and since it is a D_{G×}B_{(Wλ−W1)}-module, it is automatically a vector bundle.

Since, by our choice of W , codim(GW_1, W^u) ≥ 2, we find that

N = H^0(r_+(π^!M | G ×^B (W_λ − W_1))) = r_∗(π^!M | G ×^B (W_λ − W_1))

is a coherent O_{G×}B_{Wλ} -module.

Since N ∈ (G, D_{G×}B_{Wλ} )-qch we have by lemma 6.2.5 that N = ~N_{[e]} where N_{[e]} ∈ (B, D_{Wλ} )-qch is coherent as O_{Wλ} -module.

Since N_{[e]} is in particular in (T, D_{Wλ} )-qch we may use Theorem 7.1 to deduce that N_{[e]} = O^{⊕r}_{Wλ} . Since O^{⊕r}_{Wλ} is also in (B, D_{Wλ} )-qch we also have by Theorem 6.2.4 that N_{[e]} = O^{⊕r}_{Wλ} in (B, D_{Wλ} )-qch.

So we obtain that N = (O^{⊕r}_{Wλ} )~ = O^{⊕r}_{G×B Wλ} and hence M | W − GW_1 = π_+N | W − GW_1 = H^{codim(W u,W )} W^u−GW_1 (W − GW1, OW −GW1 ) ⊕r = L(W^u − GW_1, W − GW_1)^{⊕r} So finally by lemma 7.6(3) : M = s_{!+}(M | W − GW_1) = s_{!+}L(W^u − GW_1, W − GW_1)^{⊕r} = L(W^u, W )^{⊕r} 8. Finite dimensional representations

We use the same notations as in §7, in particular G = Sl_2(C ), W = ⊕^e_{i=1}S^{d1} C^2 . We associate to the pair (G, W ) the following magic number [6][21][22] : s = ∑e i=1 s^{(di)} where

s^{(n)} = n + (n − 2) + · · · + 1 =

(n + 1)^2 4 if n is odd

n + (n − 2) + · · · + 2 = n(n + 2) 4 if n is even

Let U = S^μC^2 be an irreducible finite dimensional G-representation, and let U be the corresponding trivial G-vector bundle on W .

In this section we prove the following result.

Theorem 8.1. Assume that all d_i are odd and e ≥ 2. Then D(X, U)^G/(D(X, U)g)^G will have no two-sided ideal of finite codimension if μ < s − 2. If μ ≥ s − 2 then there will be a unique such an ideal.

Proof. Let V be a finite-dimensional representation of D(X, U)^G/(D(X, U)g)^G. We will show that V = 0 if μ < s − 2 and otherwise that it is a direct sum of copies of a fixed simple representation of D(X, U)^G/(D(X, U)g)^G . It follows that lemma 2.3 that V is the quotient of a graded finite dimensional representation (for the natural grading on D(X, U)^G/(D(X, U)g)^G). Hence we may, and we will, assume that V itself is graded.

To V corresponds a D_X (U)^G/(D_X (U)g)^G-module which we denote by the same letter. Then by lemmas 6.2.3 and 6.2.6(4)

N = D_X (U, O_X) ⊗_{DX (U)} D_X (U)/D_X (U)g ⊗_ϕ−1_{DX (U)}G_{/(DX(U)g)}G ϕ^{−1}V

lies in (G, D_X )-qch and V = (D_X (O_X, U) ⊗_{DX} N )^G = (U ⊗C N )^G Since g ⊂ D_W , the elements of g may be interpreted as functions on T^∗W . Denote by V (g) their common zeroes. Clearly Ch(N ) ⊂ (T^∗W )^u ∩ V (g) In lemma 8.2 below we will show that dim((T^∗W )^u ∩ V (g)) ≤ dim W . Then we may invoke Theorem D to deduce N = L(W^u, W )^{⊕r} and hence V = V^{⊕r}_0 where V_0 = (U ⊗C L(W^u, W ))^G. Now L(W^u, W ) is simple by definition and from this one easily deduces that V_0 is either simple or zero.

The G-character of L(W^u, W ) is computed in [23]. The computation is based upon the fact that under our current hypotheses G ×^B W_λ −→ GW_λ is a small birational map [10]. See also [6][22].

From this computation one obtains (U ⊗ L(W^u, W ))^G = 0 ⇐⇒ μ < s − 2 which finishes our proof.

Lemma 8.2. One always has

dim((T^∗W )^u ∩ V (g)) ≤ dim W

Proof. We identify T^∗W with W ⊕ W^∗. Recall that (T^∗W )^u = G(W_λ ⊕ (W^∗)_λ). We suppose that all d_i are odd, since otherwise the lemma follows by simple dimension counting.

V (g) is G-stable and hence

T^∗W ∩ V (g) = G((W_λ ⊕ (W^∗)_λ) ∩ V (g))

It therefore suffices to show that

dim((W_λ ⊕ (W^∗)_λ) ∩ V (g)) ≤ dim W − 1

(8.1)

If v ∈ g then the corresponding function f_v on the point (x, ω_x) of T^∗W is given by the contraction ⟨v_x, ω_x⟩. As before let p : T^∗W −→ W be the projection map. A dimension count shows that to prove (8.1) it is sufficient to show that for all x ∈ W_λ − W_1

p^{−1}(x) ∩ (W_λ ⊕ (W^∗)_λ) ∩ V (g) ( x ⊕ (W^∗)_λ

To prove this it is enough to verify that ⟨F_x, (W^∗)_λ⟩ ≠ 0, or equivalently F_x ∉ W_λ. This follows from (7.1).

9. Simplicity of differential operators for G = Sl_2

We follow the notations of §7. That is G = Sl_2 and W = ⊕^e_{i=1}S^{di} C^2 is a finite dimensional representation of G. In this section we give a proof of Theorem C.

Proof of Theorem C. Let f ∈ O(W )^G be such that f(¯0) = 0. Then every point in W_f has a finite stabilizer which acts without pseudo reflections since it is contained in Sl_2. By lemma 2.4 one may localize at f and hence it follows from [19] that (D(W )^G/(D(W )g)_f = D(W_f )^G/(D(W_f )g)^G −→ D((W//G)_f ) = D(W//G)_f is an isomorphism.

So D(W//G) and D(W )^G/(D(W )g)^G will have the same ring of fractions and hence a non-zero two-sided ideal in D(W//G) will have a non-zero inverse image in D(W )^G/(D(W )g)^G. Therefore it suffices to show that D(W )^G/(D(W )g)^G is simple.

Let I ⊂ D(W )^G/(D(W )g)^G be a non-trivial two-sided ideal with inverse image J ⊂ D(W )^G. By lemma 2.3, I and J are graded.

Since by lemma 2.4, I_f defines a two-sided ideal in (D(W )^G/(D(W )g)^G)_f = D((W//G)_f ) and since by Theorem A D((W//G)_f ) is simple for all such f, we find that gr J ∩ O(W )^G has finite codimension. By interchanging the roles of W and W^∗ we find likewise that gr J ∩ O(W^∗) has finite codimension.

Our hypotheses imply that the generic stabilizer of T^∗W = W ⊕ W^∗ is trivial. Let (T^∗W )_{n.pr} be the non-principal locus. Put K = D(X)J. Then the above discussion plus Theorem B implies that

V (gr K) ⊂ (W^u × (W^∗)^u) ∩ (T^∗W )_{n.pr}

Now a trite computation shows that (W^u × (W^∗)^u) ∩ (T^∗W )_{n.pr} is the union of (T^∗W )^u and some irreducible components whose dimension is smaller than dim W . Since by Theorem 2.2 rad(gr K) is involutive, we find that V (gr K) ⊂ (T^∗W )^u and hence I has finite codimension in D(W )^G/(D(W )g)^G which is excluded by Theorem 8.1.

References

1. M. J. Asensio del Aquila, M. Van den Bergh, and F. Van Oystaeyen, A new algebraic approach to microlocalization on filtered rings, Trans. Amer. Math. Soc. 316 (1989), no. 2, 15–25.

2. J. Bernstein and V. Lunts, Equivariant sheaves, preliminary version.

3. A. Borel et al., Algebraic D-modules, Perspectives in Mathematics, vol. 2, Academic Press, Inc., 1987. 4. W. Borho, J. L. Brylinski, and R. MacPherson, Nilpotent orbits, primitive ideal and characteristic classes, Birkhauser, 1989.

5. W. Borho and R. Rentschler, Oresche Teilmengen in Einhüllenden Algebren, Math. Ann. 217 (1975), 201–210. 6. B. Broer, On the generating functions associated to a system of binary forms, Indag. Math., N.S. 1 (1990), no. 1, 15–25.

7. J. L. Brylinski, Modules holonomes a singularités régulières et filtrations de Hodge II, Analyse et topologie sur les espaces singuliers, Astérisque, vol. 101-102, Soc. Math. France, 1981, pp. 75–117.

8. O. Gabber, The integrability of the characteristic variety, Amer. J. Math. 103 (1981), 445–468. 9. K. R. Goodearl and R. B. Warfield, An introduction to non-commutative noetherian rings, London Math. Texts, vol. 16, Cambridge Univ. Press, Cambridge, New-York, 1989.

10. M. Goresky and R. MacPherson, Intersection homology II, Invent. Math. 72 (1983), 1983. 11. A. Grothendieck, Sur quelques points d’algèbre homologiques, Tôhoku Math. J. (2) 9 (1957), 119–221. 12. R. Hartshorne, Algebraic geometry, Springer-Verlag, 1977.

13. J. Kantor, Formes et opérateurs différentiels sur les espaces analytiques complexes, Bull. Soc. Math. France 53 (1977), 5–80.

14. T. Levasseur and J. T. Stafford, Rings of differential operators on classical rings of invariants, Memoirs of the AMS, vol. 412, Amer. Math. Soc., 1989.

15. D. Luna, Slices étales, Bull. Soc. Math. France 33 (1973), 81–105.

16. J. Marsden and A. Weinstein, Reduction of symplectic manifolds with symmetry, Rep. Math. Phys. 5 (1974), 120–130.

17. I. Musson, Rings of differential operators on invariants of tori, Trans. Amer. Math. Soc. 303 (1987), 805–827. 18. I. Musson and M. Van den Bergh, Rings of differential operators on toric varieties, in preparation, 1993. 19. G. Schwarz, Lifting differential operators from orbitspaces, to appear in Ann. Sci. École Norm. Sup. (4). 20. R. Sjamaar and E. Lerman, Stratified symplectic spaces and reduction, Ann. of Math. (2) 134 (1991), 375–422. 21. R. P. Stanley, Combinatorics and invariant theory, Proc. Symp. Pure Math. 34 (1979), 345–355. 22. M. Van den Bergh, A converse to Stanley’s conjecture for Sl_2, to appear in Proc. Amer. Math. Soc. 23. , Local cohomology of modules of covariants, in preparation.

24. , Some generalities on G-equivariant OX and DX-modules, preprint Université Louis Pasteur. 25. , Differential operators on semi-invariants for tori and weighted projective spaces, Topics in invariant theory (M. P. Malliavin, ed.), Lecture Notes in Mathematics, vol. 1478, Springer Verlag, 1991, pp. 255–272.

26. A. Yekutiely, Residues and D-modules on schemes, preliminary version, 1993.

Institut de Recherche Mathématique Avancée, Université Louis Pasteur et CNRS, 7, rue René- Descartes, 67084 Strasbourg Cedex, France

E-mail address: vdbergh@math.u-strasbg.fr