ON THE NUMBER OF ABSOLUTELY INDECOMPOSABLE REPRESENTATIONS OF A QUIVER

BERT SEVENHANT AND MICHEL VAN DEN BERGH

Abstract. A conjecture of Kac states that the constant coefficient of the polynomial counting the number of absolutely indecomposable representations of a quiver over a finite field is equal to the multiplicity of the corresponding root in the associated Kac-Moody Lie algebra. In this paper we give a combinatorial reformulation of Kac’s conjecture in terms of a property of q-multinomial coefficients. As a side result we give a formula for certain inverse Kostka-Foulkes polynomials.

1. Introduction

Throughout Q will be a fixed quiver without loops (although this is not very essential). We denote the vertices of Q by Q_0. For a given α ∈ N^{Q0} let o_α(q), i_α(q), a_α(q) be respectively the number of representations, indecomposable representations and absolutely indecomposable representations of Q over F_q with dimension vector α (recall than an indecomposable representation is said to be absolutely indecomposable if it remains indecomposable after extension of the base field).

In [12] Kac proves the following

Theorem 1.1. o_α(q), i_α(q) and a_α(q) are polynomials in q. o_α(q) and a_α(q) have integral coefficients.

Computing some examples lead Kac to two conjectures regarding a_α(q).

Conjecture 1.2. [12] a_α(q) has positive coefficients.

This conjecture is still open. Some positive results are offered in [10, 15, 19]. These papers also yield evidence for the conjecture that o_α(q) has positive coefficients.

If true the conjecture would yield some evidence for the hope that absolutely indecomposable representations can be parametrized by a union of affine spaces. However proving the latter seems to be totally out of reach of current techniques. See [1, 2, 8, 9, 16] for results on the generic version.

However even without the existence of such a “cell decomposition” one has the feeling that the coefficients of a_α(q) should have an interpretation in terms of representation theory. Such an interpretation is offered for the constant term by conjecture 1.4 below, which is also due to Kac.

To state this conjecture we have to introduce more notation. Recall that associated to Q there is a bilinear form on C^{Q0} given by

1991 Mathematics Subject Classification. Primary 17B37, 16G20; Secondary 05E05. Key words and phrases. Hall algebra, symmetric functions. The second author is a senior researcher at the NFWO. 1

(e_i, e_j ) = { 2 if i = j −a_{ij} − a_{ji} otherwise

where (e_i)_j = δ_{ij} and where a_{ij} is the number of edges going from i to j.

Let g be the Kac-Moody Lie algebra associated to the bilinear form (−, −). The following result is proved in [11, 12] (see also [14]).

Theorem 1.3. If α is a real root of g then a_α(q) = 1. If α is an imaginary root then a_α(q) ≠ 0. If α is not a root then a_α(q) = 0.

This last theorem provides some motivation for the following conjecture, which, as was already mentioned above, is also due to Kac.

Conjecture 1.4. a_α(0) is equal to the multiplicity of α in g.

This conjecture is trivially true in the Dynkin case (in view of Theorem 1.3), and using the known representation theory of tame quivers [5], one can show that it is also true in the extended Dynkin case. However it is not known for a single wild quiver. On the other hand there is a lot of positive computer evidence. For example we have checked with little effort (using Theorem A below) that for the 3-arrow quiver o −→ −→ −→ o the conjecture holds up to dimension vector (20, 20).

Our aim in these notes is to give a reformulation of Conjecture 1.4 into a property of Gaussian multinomial coefficients. This is of theoretical interest since such multinomial coefficients are known to have a lot of non-trivial combinatorial properties. Furthermore as was already indicated above, our reformulation is considerably easier to verify by computer than the original statement of Conjecture 1.4.

For an entirely different approach to Conjecture 1.4 through the Hall algebra [18] we refer to [20].

To give our reformulation of Conjecture 1.4 we have to introduce some more notation. One easily verifies that the linear transformations s_j : C^{Q0} → C^{Q0} : α → α − (α, e_j )e_j have order two and leave (−, −) invariant. The group generated by the (s_j )_j is called the Weyl group of Q and is denoted by W_Q. As usual if w ∈ W_Q then ϵ(w) is ±1 depending on whether w is a product of an even or odd number of (s_j )’s. Following [13] we also introduce a formal symbol ρ and we extend the action of W_Q to C^{Q0} ⊕ C ρ by putting s_iρ = ρ − e_i.

If a, b_1, . . . , b_n ∈ N are such that ∑ i b_i = a then the corresponding Gaussian multinomial coefficient is defined by [ a b_1 · · · b_n ] = ϕ_a(t) ϕ_{b1} (t) · · · ϕ_{bn} (t) where ϕ_a(t) = (t^a − 1)(t^{a−1} − 1) · · · (t − 1). If μ = (μ_1, μ_2, . . . ) is a partition then we put

[μ] = [ μ_1 μ_1 − μ_2 μ_2 − μ_3 · · · ]

By definition a multipartition of α ∈ N^{Q0} is a list of partitions λ = (λ_i)_{i∈Q0} such that |λ_i| = α_i. We view λ as a two dimensional list of non-negative integers (λ_{ij} )_{ij} such that ∑ j λ_{ij} = α_i. We write λ(j) for the element of N^{Q0} given by λ(j)_i = λ_{ij} .

Denote the set of multipartitions of α by P_α.

Theorem A. The following Laurent polynomial is contained in Z[t^{−1}].

p_α(t) = ∑ λ∈P_α t^{∑j (λ(j),λ(j))/2} ∏ i∈Q_0 (−1)^{λi1} t^{−λi1 (λi1+1)/2}[λ_i]

Furthermore conjecture 1.4 is equivalent to the statement that

p_α(∞) = { ϵ(w) if α = ρ − wρ, where w ∈ W_Q 0 otherwise

For example in the case of the m-arrow quiver o −→ . . −→ o p_{a,b}(t) would be given by ∑ |λ|=a,|μ|=b (−1)^{λ1+μ1} t^{∑i λ2i +∑i μ2i −m ∑i λi μi−λ1 (λ1 +1)/2−μ1 (μ1+1)/2}[λ][μ] (1.1)

For the convenience of the reader let us recall one of the standard combinatorial interpretations of Gaussian multinomial coefficients. Let a, b_1, . . . , b_n ∈ N. Assume that u_1, . . . , u_n are symbols. The cardinality of the set W of all words in the u_i with u_i appearing exactly b_i times is given by the ordinary multinomial coefficient a!/b_1! · · · b_n!. A map ϕ : W → N such that ∑ w∈W t^{ϕ(w)} = [ a b_1 · · · b_n ]

is called a Mahonian statistic [4, 7].

There are many Mahonian statistics (see loc. cit.). One example is given by INV(u_{i1} · · · u_{ia} ) = |{i_u > i_v|u < v}| After choosing a Mahonian statistic, the evaluation of p_α(∞) amounts to a signed counting of words. Following an established technique in combinatorics it should now be possible to define an involution on these words which inverts almost all signs. It seems very likely that in this way it should be possible to obtain a proof of conjecture 1.4 but unfortunately we have not succeeded in completing this program.

Although Theorem A was meant as a possible step in the proof of Conjecture 1.4 it also has independent interest. For example it is possible to use it in order to obtain some new identities on Gaussian multinomial coefficients. This is outlined in Section §6.

In our proof of Theorem A we needed the entries K^{−1}_{λ,1}n (t) of the inverse Kostka- Foulkes matrix in one variable. A combinatorial interpretation for K^{−1}_{λ,μ}(1) was given in [6] but the methods used in that paper do not seem to extend to the one-parameter case. Using another method instead, based on a recurrence relation (A.3) derived from Pieri’s formula, we obtain the following result

Theorem B. Assume that μ = (c, 1^d) is a hook. Then K^{−1}_{λ,μ}(t) = (−)^{l(λ)+l(μ)}t^{∑i≥2 λ′i (λ′i+1)/2−∑cj=2 λ′j} [λ^′] 1 − t^{λ′c} 1 − t^{λ′}1 (1.2)

Our proof of this result is reproduced in Appendix A. We were informed by Richard Stanley that in the case relevant to us (μ = 1^n) (1.2) was conjectured by Carbonara, and subsequently proved by Macdonald, using a different method [3]. It is not clear to us that Macdonald’s method extends to the more general case of hooks. On the other hand one of the referees of this paper indicated a different (and ingeneous) proof of (1.2) which is also valid for hooks, but which uses somewhat more sophisticated machinery than our naive proof.

We wish to thank V. Kac for commenting on a first version of this paper. In particular he informed us that the PhD thesis of Jiuzhao Hua [10] contains related results. We also wish to thank Stanley for showing us his very interesting notes on the generating function of o_α(q) [21]. Both Stanley’s notes and Hua’s thesis contain (in a different notation) the rational functions r_α(q), defined below.

2. A recurrence relation for o_α(0)

Let k be an arbitrary field. A quiver Q is a quadruple (Q_0, Q_1, t, h) where Q_0, Q_1 denote respectively the vertices and the arrows of Q and h, t : Q_1 → Q_0 are maps associating an arrow with its head and tail. We assume throughout that Q_0, Q_1 are finite sets and that our quivers have no loops.

A representation V of Q is a pair ((V_i)_{i∈Q0} , (ϕ_e)_{e∈Q1} ) where the V_i are finite dimensional vector spaces and the ϕ_e are maps V_{t(e)} → V_{h(e)}. The element of N^{Q0} given by (dim V_i)_i is the dimension vector of the representation. Homomorphisms between representations are defined in the usual way. Define R(Q, α, k) = ∏ e∈Q_i Hom(k α_{t(e)} , kα_{h(e)} ) and GL(α, k) = ∏ i∈Q_0 GL(αi, k). Every element x ∈ R(Q, α, q) defines a representation V_x of Q. It is clear that GL(α, k) acts on R(Q, α, k) by conjugation of matrices and furthermore V_x ∼= V_y if and only if x, y are in the same GL(α, k)-orbit. Thus the isomorphism classes of representations of dimension vector α are in one-one correspondence with the orbits R(Q, α, k)/GL(α, k). From now on k will be a finite field with q elements. We write R(Q, α, q) for R(Q, α, k) and GL(α, q) for GL(α, k). For α ∈ N^{Q0} let U(α, q) be the set of unipotent elements in GL(α, q). We define

r_α(q) = 1 | GL(α, q)| |{(u, x) ∈ U(α, q) × R(Q, α, q) | ux = x}| By partitioning U(q, α) into conjugacy classes one easily shows that r_α is a rational function of q (but in general not a polynomial). In this section we prove the following result.

Proposition 2.1. r_α(q) has no pole in 0. Furthermore one has ∑ β,γ∈N^{Q0} β+γ=α r_β (0)o_γ (0) = δ_{0α}

(2.1)

Proof. The case α = 0 is trivial, so we consider the case α ≠ 0.

By the Burnside formula we have the following expression for o_α(q).

o_α(q) = 1 | GL(α, q)| ∑ x∈R(Q,α,q) | Aut(V_x)|

(2.2)

We will study a slightly modified version of (2.2).

t_α(q) = 1 | GL(α, q)| ∑ x∈R(Q,α,q) | End(V_x)|

(2.3)

Giving an element g of End(V_x) amounts to giving a decomposition of V_x = V_{1,x} ⊕ V_{2,x}, g = (g_1, g_2) such that g_1 acts nilpotently on V_{1,x} and g_2 ∈ Aut(V_{2,x}). Denote by Nil(V ) the nilpotent endomorphisms of a representation V . We find

t_α(q) = 1 | GL(α, q)| ∑ β+γ=α ψ_{β,γ} ∑ y∈R(Q,β,q) z∈R(Q,γ,q) | Nil(V_y )| · | Aut(V_z)|

Here ψ_{β,γ} = ∏ i∈Q_0 ψβi,γi and ψβi,γi is equal to the number of decompositions

k^{αi} = B ⊕ C were B, C are respectively vectorspaces of dimension β_i and γ_i. It is elementary to see that ψ_{βi,γi} = | GL(α_i, q)| | GL(β_i, q)| · | GL(γ_i, q)| Substituting yields

t_α(q) = ∑ β+γ=α 1 | GL(β, q)| ∑ y∈R(Q,β,q) | Nil(V_y )| · 1 | GL(γ, q)| ∑ z∈R(Q,γ,q) | Aut(V_z )|

Thus we find t_α(q) = ∑ β+γ=α r_β (q)o_γ (q)

(2.4)

(where we have used that one can go from a nilpotent endomorphism to a unipotent endomorphism and back by adding and substraction the identity endomorphism). So in particular t_α is a rational function (which could have been shown directly).

Now we consider a different way of evaluating t_α. Let V_1, · · · , V_n be representants for the isomorphism classes of representations of Q over F_q , with dimension vector α. Grouping R(Q, α, q) into GL(α, q) orbits yields

t_α(q) = n∑ i=1 | End(V_i)| | Aut(V_i)|

(2.5)

Now let W be an arbitrary representation of Q over F_q and let W = W^{⊕a1}_1 ⊕ · · · ⊕ W^{⊕ap}_p be its decomposition into indecomposables. Then

| End(W )| = ∏ i,j | Hom(W_i, W_j )|^{ai aj} | Aut(W )| = ∏ l | GL_{al} (End(W_l))| · ∏ i≠j | Hom(W_i, W_j )|^{ai aj} Whence | End(W )| | Aut(W )| = ∏ l |M_{al} (End(W_l))| | GL_{al} (End(W_l))|

End(W_l) is a local and its residue field F_l is a finite extension of F_q . Since GL_{al} (End(W_l)) is the unit group of M_{al} (End(W_l)), and since this unit group is the inverse image of GL_{al} (F_l ) we find that |M_{al} (End(W_l))| | GL_{al} (End(W_l))| = |M_{al} (F_l )| | GL_{al} (F_l )| It is an easy exercise to show that the righthand side of the above equation is always divisible by q (as a rational number). We conclude that^{| End(W )|}_{| Aut(W )|} is always divisible by q. Hence the same holds for t_α(q). Since this holds for all powers of p it follows that t_α(q) must have a zero in 0 (as a rational function).

Now using (2.4), together with the fact that o_α(q) is a polynomial, we obtain by induction on α that r_α(q) does not have a pole in zero. Now substituting q = 0 finishes the proof of the theorem.

We will reformulate the above in terms of generating functions. For α ∈ C^{Q0} let e(α) be a formal exponential. Thus e(α + β) = e(α)e(β). Then the previous proposition may be written as ∑ β r_β (0)e(β) · ( ∑ γ o_γ (0)e(γ) ) = 1 (2.6)

Let us now consider the relation between o_α(q) and i_α(q). Since every representation has a unique decomposition into idecomposables, we find

o_α(q) = ∑ α= ∑ r_iβ_i β_i≠β_j ∏ i ( i_β(q) + r_i − 1 r_i )

This formula becomes more elegant in terms of generating functions. ∑ α o_α(q)e(α) = 1 ∏ β (1 − e(β))^{iβ (q)} (2.7)

Now combining (2.6) and (2.7), together with the fact that i_α(0) = a_α(0) [12] we find ∏ α (1 − e(α))^{aα (0)} = ∑ α r_α(0)e(β)

(2.8)

Let Δ_+ ⊂ C^{Q0} be the positive roots associated to the bilinear form (−, −) [13].

For α ∈ Δ_+ let m_α be the corresponding multiplicity. m_α is determined by the following formal identity. ∏ α∈Δ_+ (1 − e(α))^{mα} = ∑ w∈W_Q ϵ(w)e(ρ − w(ρ)) (2.9)

Comparing (2.8) and (2.9) yields a first reformulation of conjecture 1.4.

Proposition 2.2. Conjecture 1.4 is equivalent to the following statement

r_α(0) = { ϵ(w) if α = ρ − wρ 0 otherwise

(2.10)

The above proposition can also be obtained from the results in Hua’s thesis [10]. Below we fill further simplify the computation of r_α(0). This will yield a proof of Theorem A.

3. Some remarks on symmetric functions

Let P_n be the set of partitions of a natural number n. If λ ∈ P_n then s_λ(x), P_λ(x; t) denote respectively the Schur function and the Hall Littlewood function associated to λ (in an infinite number of variables) [17]. As usual we denote by l(λ) the largest i such that λ_i ≠ 0, |λ| = ∑ λ_i and n(λ) = ∑ (i − 1)λ_i. λ^′ is the conjugate partition to λ. We also associate with λ its diagram in N^2 . The notation y ∈ λ means that y is one of the boxes in this diagram. In that case h(y) is the hook length of y.

The relation between s_λ and P_λ is given by

s_λ(x) = ∑ μ K_{λμ}(t)P_μ(x; t) (3.1)

where K_{λμ}(t) are the Kostka-Foulkes polynomials in one variable. For use below it is convenient to introduce the modified version K̃_{λμ}(q) = q^{n(μ)}K_{λμ}(q^{−1})

If μ is a partition of n then below u_μ will denote an arbitrary unipotent element of GL(n, q) corresponding to μ. We let C(u_μ) be its centralizer.

According to [17, Example III.3.2]

P_μ(q^{−1}, q^{−2}, . . . ; q^{−1}) = q^{n(μ)} |C(u_μ)| as formal power series in q^{−1}.

On the other hand by [17, Example I.3.2] (replacing q by q^{−1} and multiplying by q^{−|λ|}) we find

s_λ(q^{−1}, q^{−2}, . . . ) = q^{−|λ|−n(λ)} ∏ y∈λ(1 − q^{−h(y)}) = q^{n(λ′ )} ∏ y∈λ(q^{h(y)} − 1) Substituting this in (3.1) yields ∑ μ K̃_{λμ}(q) |C(u_μ)| = q^{n(λ′ )} ∏ y∈λ(q^{h(y)} − 1) Thus we find that the left handside of the above equation does not have a pole in q = 0. Furthermore ∑ μ K̃_{λμ}(q) |C(u_μ)| | | | |_{q=0} = { (−1)^n if λ = (1^n) 0 otherwise

(3.2)

4. A lemma from the representation theory of GL(n, q).

By definition a multipartition of α ∈ N^{Q0} is a list of partitions λ = (λ_i)_{i∈Q0} such that |λ_i| = α_i. We view λ as a two dimensional list of non-negative integers (λ_{ij} )_{ij} such that ∑ j λ_{ij} = α_i. We write λ(j) for the element of N^{Q0} given by λ(j)_i = λ_{ij} .

Denote the set of multipartitions of α by P_α. For λ ∈ P_α u_λ will be an element of GL(α, q) = ∏ i GL(α_i, q) of the form (u_{λi} ). We also put

f_λ(μ) = ∏ i K̃_{λiμi} (q) We view the f_λ as functions from P_α to Z[q]. The following result is easy to see.

Lemma 4.1. Let W be a representation of GL(α, F_p ) over F_p . Then the function μ → q^{dimFp W uμ} is a linear combination of the functions f_λ with coefficients in Z[q].

Proof. Since the f_λ(μ) form an upper triangular matrix with q-powers on the diagonal it is clear that we can express q^{dimFp W uμ} as a linear combination of the f_λ with coefficients in Z[q^{−1}, q].

Now let q be fixed power of p and let V be the permutation representation of W ⊗_{Fp} F_q (over C ). Then q^{dim W uμ} = T r(u_μ, V ). Now by Green’s formula for the irreducible characters of GL(α, q) we can express the values of the character of V at unipotent elements as a Q-linear combination of (products of) Green polynomials [22, p135]. Furthermore the denominators of the coefficients are bounded in terms of α. Expressing these Green polynomials further in terms of the f_λ [17, III.(7.11)] we find that for a fixed q, q^{dim W uμ} is a linear combination of the f_λ(q) with coefficients in Q, whose denominator is still bounded in terms of α.

If we now let q go to ∞ we see that if we consider q as a variable again, the remark of the first paragraph yields that the coefficients must ly in Z[q].

5. Proof of Theorem A In this section we use all the notations from the previous sections. In particular Q is a fixed quiver without oriented cycles. It is easy to see that we have

r_α(q) = ∑ λ∈P_α |R(Q, α, q)^{uλ} | |C(u_λ)| Now by lemma 4.1 we have |R(Q, α, q)^{uλ} | = ∑ μ c_μf_μ(λ) where c_μ ∈ Z[q]. This yields,

r_α(q) = ∑ λ,μ∈P_α c_μ f_μ(λ) |C(u_λ)| Let us rewrite this using the definition of f_μ.

r_α(q) = ∑ μ∈P_α c_μ ∏ i∈Q_0 ∑ λ_i ∈P_{αi} K̃_{μi,λi} (q) |C(u_{λi} )| Using (3.2) we now find

r_α(0) = (−1)^{∑i αi} c_1α (0)

(5.1)

where (1^α)_i = 1^{αi} . Hence the key point is to find c_1α . Going back to the definition of f_μ we have that |R(Q, α, q)^{uλ} | = ∑ μ c_μ ∏ i∈Q_0 q^{n(λi )}K_{μiλi} (q^{−1}) Multiplying with ∏ i∈Q_0 q −n(λ_i )K−1 λ_i1^αi (q

−1) and summing over λ yields.

c_1α = ∑ λ |R(Q, α, q)^{uλ} | ∏ i∈Q_0 q^{−n(λi)}K^{−1}_{λi1}α_i (q^{−1})

Substituting into (5.1) and combining with (1.2) (which is proved in Appendix A) we find (−1)^{∑i αi} c_1α = ∑ λ_∈P_α (−1)^{∑i λ′i1} q^{−eλ} ∏ i [λ^′_i](q^{−1})

where e_λ = − dim R(Q, α, q)^{uλ} + ∑ i∈Q_0 n(λ_i) + ∑ i∈Q_0 ,j≥2 λ^′_{ij} (λ^′_{ij} + 1) 2 = − dim R(Q, α, q)^{uλ} + ∑ i∈Q_0 ,j≥0 λ^{′2}_{ij} − ∑ i∈Q_0 λ^′_{i1}(λ^′_{i1} + 1) 2 On the other hand it is easy to see that dim R(Q, α, q)^{uλ} = ∑ i,k∈Q_0 ,j≥0 a_{ik}λ^′_{ij} λ^′_{kj} where a_{ik} is the number of arrows going from i to k. Define λ(j) as the element of N^{Q0} given by λ(j)_i = λ_{ij} . Then the expression for e_λ can be further rewritten as. e_λ = 1 2 ∑ j≥0 (λ^′(j), λ^′(j)) − ∑ i∈Q_0 λ^′_{i1}(λ^′_{i1} + 1) 2 So now our final expression for (−1)^{∑i αi} c_1α becomes ∑ λ∈P_α q^{− ∑j (λ′ (j),λ′ (j))/2} ∏ i∈Q_0 (−1)^{λ′i1} q^λ ′ i1(λ ′ i1 +1)

2 [λ^′_i](q^{−1})

(5.2)

We now put p_α(t) = (−)^{∑i αi} c_1α (t^{−1}). Invoking (5.1) together with Proposition 2.2 and furthermore replacing λ^′ by λ and q^{−1} by t finishes the proof of Theorem A. 6. Some combinatorial considerations As a warm up we will consider Theorem A in the case that Q is a one-vertex quiver with no loops. Then Theorem A asserts that p_a(t) = ∑ |λ|=a (−1)^{λ1} t^{∑i λ2i −λ1(λ1 +1)/2}[λ]

(6.1)

is a Laurent polynomial. On the other hand inspection reveals that if a > 1 then p_a(t) ∈ tZ[t]. Combining this we obtain Proposition 6.1. The Laurent polynomial p_a(t) given by (6.1) is identically zero.

This result is probably known in some form. In any case the authors found it a pleasant exercise to prove it directly.

Now let us consider the m-arrow quiver. In that case we obtain using the same method as above:

Proposition 6.2. The Laurent polynomial p_{a,b}(t) defined by (1.1) is identically zero if a ≫ b.

Computer computations show that probably the following conjecture is true. Conjecture 6.3. The Laurent polynomial p_{a,b}(t) is identically zero if and only if a ≥ mb + 2 or b ≥ ma + 2.

It is clear that a similar reasoning can be applied to more complicated quivers.

Appendix A. On the inverse of the Kostka-Foulkes matrix

In this appendix we prove formula (1.2). As was already pointed out in the introduction, this result was also proved by Macdonald [3] in the special case that μ = 1^n.

Denote by K^{−1}_{λμ} (t) the inverse of the Kosta-Foulkes matrix K_{λμ}(t). Thus by definition P_λ(x; t) = ∑ μ K^{−1}_{λμ} (t)s_μ(x) Our basic tool will be the fact that both P_μ and s_μ satisfy a version of Pieri’s formula for multiplication by s_1m = P_1m = e_m (the m’th elementary symmetric function [17]). This will eventually lead to a recursion formula for the entries of K^{−1}(t).

Let us use the notation μ <_m ν to signify that ν − μ is vertical strip of length m (a vertical strip is a skew diagram such that every horizontal line cuts the diagram at most once).

Pieri’s formula for s_μ is classical [17, I.(5.17)]

s_μe_m = ∑ μ<_mν s_ν (A.1)

Pieri’s formula for P_μ is similar [17, III.3]

P_μe_m = ∑ μ<_mν f^ν_{μ,1}m (t)P_ν (A.2)

where

f^ν_{μ,1}m (t) = ∏ i [ ν^′_i − ν^′_{i+1} ν^′_i − μ^′_i ]

Here and below [ a b ] is an abbreviation for [ a b a − b ] . For simplicity we will rou-

tinely use the convention that a Gaussian binomial coefficient [ a b ] is zero if b < 0.

This allows us to be somewhat informal with regard to summation bounds.

Substituting P_ν = ∑ α≤ν K^{−1}_{να} (t)s_α, P_μ = ∑ β≤μ K^{−1}_{μβ} (t)s_β in (A.2) yields ∑ β≤μ K^{−1}_{μβ} (t)s_β e_m = ∑ μ<_m ν ∑ α≤ν f^ν_{μ,1}m (t)K^{−1}_{να} (t)s_α Using Pieri’s formula for s_β now yields ∑ β≤μ ∑ β<_mδ K^{−1}_{μβ} (t)s_δ = ∑ μ<_mν ∑ α≤ν f^ν_{μ,1}m (t)K^{−1}_{να} (t)s_α Equating the coefficients of s_δ in this equation we obtain for all pairs of partitions μ, δ such that |δ| = m + |μ| a relation ∑ β≤μ ∑ β<_mδ K^{−1}_{μβ} (t) = ∑ μ<_mν ∑ δ≤ν f^ν_{μ,1}m (t)K^{−1}_{νδ} (t) (A.3)

It is easy to see that this relation determines K^{−1}_{ψϵ} (t) uniquely. To see this apply (A.3) with δ = ϵ and μ equal to ψ minus the last column. Then (A.3) expresses K^{−1}_{ψϵ} (t) in terms of K^{−1}_{μβ} (t) with |μ| < |ψ| and K^{−1}_{νϵ} with ν < ψ. All of these may be assumed to be known by induction.

Equation (A.3) simplifies considerably is we apply it in the case δ = (c, 1^d). We find K^{−1}_{μ,(c−1,1d−m+1)}(t) + K^{−1}_{μ,(c,1d−m)}(t) = ∑ μ<_m ν f^ν_{μ,1}m (t)K^{−1}_{ν,(c,1d)}(t) (A.4)

It follows that in order to prove our theorem, it is sufficient to show that (1.2) gives the correct value if λ = 1^n and satisfies the recursion relation (A.4). The first statement is obvious, so we will prove the second one. We will do this in the case c > 1. The case c = 1 is similar but requires fewer steps.

So assume c > 1. Making the appropriate substitutions and replacing the partitions μ, ν by their conjugate ones we find that we have to prove the following identity: ( (−1)^{μ1+d−m+2}t^{∑i≥2 μi (μi +1)2 −∑c−1j=2 μj} 1 − t^{μc−1} 1 − t^{μ1} + (−1)^{μ1 +d−m+1}t^{∑i≥2 μi(μi +1)2 −∑cj=2 μj} 1 − t^{μc} 1 − t^{μ1} ) × [ μ_1 μ_1 − μ_2 μ_2 − μ_3 · · · ]

= ∑ μ<_m ν (−1)^{ν1+d+1}t^{∑i≥2 νi(νi +1)2 −∑cj=2 νj} [ ν_1 ν_1 − ν_2 ν_2 − ν_3 · · · ] 1 − t^{νc} 1 − t^{ν1} [ ν_1 − ν_2 ν_1 − μ_1 ] [ ν_2 − ν_3 ν_2 − μ_2 ] · · · We now put b = μ_1, a_i = μ_{i−1} −μ_i, r_i = ν_i −μ_i. After some algebraic manipulation the previous equation becomes:

(A.5) (−1)^{−m+1}t^{∑i≥2 μi (μi +1)2 −∑c−1j=2 μj} (2 − t^{μc−1} − t^{−μc} ) = (1−t^{μc} ) ∑ ∑ i r_i=m (−1)^{r1} t^{∑i≥2 (μi +ri)(μi +ri+1)2 −∑cj=2 (μi+ri)} [ b + r_1 − 1 r_1 ] [ a_2 r_2 ] [ a_3 r_3 ] · · ·

+t^{μc} (1−t^{ac} ) ∑ ∑ r_i=m (−)^{r1} t^{∑i≥2 (μi +ri)(μi +ri+1)2 −∑cj=2 (μi +ri)} [ b + r_1 − 1 r_1 ] [ a_2 r_2 ] [ a_3 r_3 ] · · · [ a_c − 1 r_c − 1 ] · · · Before we continue we derive an identity between Gaussian binomial coefficients using non-commutative generating functions.

If x, y are variables satisfying yx = txy then it is well-known that

(x + y)^a = ∑ u≥0 [ a u ] x^uy^{a−u} We will also apply this with negative exponents.

(x + y)^{−a} = ∑ u≥0 [ −a u ] x^uy^{−a−u}

= ∑ u≥0 (−1)^ut^{−au+ u(u−1)2} [ a + u − 1 u ] x^uy^{−a−u} (A.6)

Now we introduce variables (x_i)_i, (y_i)_i satisfying y_ix_j = tx_j y_i y_iy_j = y_j y_i x_ix_j = x_j x_i and for b ∈ N, (a_i)_i ∈ Z, a_i = 0 for i ≫ 0, we consider

· · · (x_n + y_n)^{an} · · · (x_2 + y_2)^{a2} (x_1 + y_1)^{−b−1}

(A.7)

This yields

(A.7) = ∑ (r_i)_i

(−1)^{r1} t^{−(b+1)r1− r1(r1 −1)2} [ b + r_1 r_1 ] [ a_2 r_2 ] [ a_3 r_3 ] · · · × · · · x^{r3}_3 y^{a3−r3}_3 x^{r2}_2 y^{a2−r2}_2 x^{r1}_1 y^{−b−1−r1}_1

= ∑ (r_i)_i

(−1)^{r1} t^{Sr} [ b + r_1 r_1 ] [ a_2 r_2 ] [ a_3 r_3 ] · · · × x^{r1}_1 x^{r2}_2 x^{r3}_3 · · · × y^{−b−1−r1}_1 y^{a2−r2}_2 y^{a3−r3}_3 · · ·

where

S_r = −br_1 − r_1(r_1 + 1) 2 + ∑ 1≤j<i (a_i − r_i)r_j Substituting x_i = x, y_i = y yields (x + y)^{a2+a3 +···−b−1} = ∑ (r_i)_i

(−1)^{r1} t^{Sr} [ b + r_1 r_1 ] [ a_2 r_2 ] [ a_3 r_3 ] · · · × x^{∑ ri} y^{−b−1−∑ ri+∑i≥2 ai} We consider the case b = ∑ i≥2 a_i and we look at the coefficient of x^my^{−m−1}. Using

(x + y)^{−1} = ∑ m (−1)^mt^{− m(m+12} x^my^{−m−1} we find ∑ ∑ i r_i=m (−1)^{r1} t^{Tr} [ b + r_1

r_1 ] [ a_2 r_2 ] [ a_3 r_3 ] · · · = (−1)^m (A.8)

where

T_r = S_r + m(m + 1) 2 = ∑ j>i≥2 r_ia_j + ∑ i≥2 r_i(r_i + 1) 2 Let μ, ν, b, a_2, a_3 · · · be related as above. Then a straightforward computation yields that

T_r = ∑ i≥2 ν_i(ν_i + 1) 2 − ∑ i≥2 μ_i(μ_i + 1) 2 so that we obtain the identity. ∑ ∑ i r_i=m (−1)^{r1} t^{∑i≥2 (μi +ri)(μi +ri+1)2} [ b + r_1 r_1 ] [ a_2 r_2 ] [ a_3 r_3 ] · · · = (−1)^mt^{∑i≥2 μi(μi +1)2} (A.9)

Note that in the proof of this identity we have not used that μ is a partition. In fact μ can be an arbitrary sequence of integers, zero in high degree and positive in degree one (the restriction μ_1 ≥ 0 comes from the fact that (A.6) is not valid for negative a). Below we will use (A.9) for μ which are not necessarily partitions.

We will use (A.9) to simplify the right hand side of (A.5). Let’s first work on the second term. Put

μ̄_i = { μ_i − 1 i < c μ_i i ≥ c r̄_i = { r_i − 1 i = c r_i i ≠ c We make the following companion definitions

ā_i = μ̄_{i−1} − μ̄_i = { a_i i ≠ c a_i − 1 i = c b̄ = μ̄_1 = b − 1

Making these substitutions, the second term of the right hand side of (A.5) becomes

t^{μc} (1 − t^{ac} ) ∑ ∑ r̄_i =m−1 (−1)^{r̄1} t^{∑i≥2 (μ̄i +r̄i)(μ̄i +r̄i+1)2} [¯ b + r̄_1 r̄_1 ] [ ā_1 r̄_1 ] [ ā_2 r̄_2 ] · · · (A.10)

Using the identity (A.9), (A.10) may be rewritten as (−1)^{m−1}t^{μc} (1 − t^{ac} )t^{∑i≥2 μ̄i (μ̄i +1)2} which is equal to (−1)^{m−1}t^{μc} (1 − t^{ac} )t^{∑i≥2 μi(μi +1)2 −∑c−1j=2 μj} Substracting this from the left handside of (A.5), and dividing by 1 − t^{μc} , we are left with proving.

(A.11) (−1)^mt^{∑i≥2 μi(μi +1)2 −∑cj=2 μj} (1 − t^{μc} ) = ∑ ∑ r_i=m (−1)^{r1} t^{∑i≥2 (μi +ri)(μi +ri+1)2 −∑cj=2 (μj +rj )} [ b + r_1 − 1 r_1 ] [ a_2 r_2 ] [ a_3 r_3 ] · · · We now work on the right hand side of (A.11). We first make the following change of variables:

μ̄_i = { μ_i − 1 i < c μ_i i ≥ c and companion definitions

ā_i = μ̄_{i−1} − μ̄_i = { a_i i ≠ c a_i − 1 i = c b̄ = μ̄_1 = b − 1

So the right hand side of (A.11) becomes ∑ ∑ r_i=m (−)^{r1} t^{∑i≥2 (μ̄i +ri)(μ̄i +ri+1)2 −(μ̄c+rc)} [¯ b + r_1 r_1 ] [ ā_2 r_2 ] · · · [ ā_c + 1 r_c ] · · · Now we use the identity [ ā_c + 1 r_c ] = [ ā_c r_c − 1 ] + t^{rc} [ ā_c r_c ] we obtain that the right hand side of (A.11) is equal to ∑ ∑ r_i=m (−)^{r1} t^{∑i≥2 (μ̄i +ri)(μ̄i +ri+1)2 −(μ̄c +rc)} [¯ b + r_1 r_1 ] [ ā_2 r_2 ] · · · [ ā_c r_c − 1 ] · · ·

+ ∑ ∑ r_i=m (−)^{r1} t^{∑i≥2 (μ̄i +ri)(μ̄i +ri+1)2 −μ̄c} [¯ b + r_1 r_1 ] [ ā_2 r_2 ] · · · [ ā_c r_c ] · · · Using (A.9) the second part of the previous formula is seen to be equal to (−1)^mt^{−μ̄c+∑i≥2 μ̄i(μ̄i +1)2} = (−1)^mt^{∑i≥2 μi(μi +1)2 −∑cj=2 μj} Substracting this from the lefthandside of (A.11) we are now left with proving (A.12) (−)^{m+1}t^{∑i≥2 μi (μi +1)2 −∑c−1j=2 μj} = ∑ ∑ r_i=m (−)^{r1} t^{∑i≥2 (μ̄i +ri)(μ̄i +ri+1)2 −(μ̄c +rc)} [¯ b + r_1 r_1 ] [ ā_2 r_2 ] · · · [ ā_c r_c − 1 ] · · · We now put

r̄_i = { r_i i ≠ c r_c − 1 i = c

Then the right hand side of (A.12) becomes ∑ r̄_i=m−1 (−1)^{r̄1} t^{∑i≥2 (μ̄+r̄i)(μ̄+r̄i+1)2} [¯ b + r̄_1 r̄_1 ] [ ā_2 r̄_2 ] · · · which by (A.9) is equal to (−1)^{m−1}t^{∑i≥2 μ̄i (μ̄i +1)2} = (−1)^{m−1}t^{∑i≥2 μi (μi +1)2 −∑c−1j=2 μj} This is indeed equal to the left hand side of (A.12) and hence we are done.

References

[1] E. Beneish, Induction theorems on the stable rationality of the center of the ring of generic matrices., to appear in Trans. Amer. Math. Soc., 1998.

[2] C. Bessenrodt and L. Le Bruyn, Stable rationality of certain PGl_n-quotients, Invent. Math.

104 (1991), 179–199.

[3] J. O. Carbonara, A combinatorial interpretation of the inverse t-Kostka matrix, preprint. [4] R. J. Clarke and S. Einar, New Euler-Mahonian statistics on permutations, Adv. in Appl.

Math. 18 (1997), 237–270.

[5] V. Dlab and C. M. Ringel, Indecomposable representations of graphs and algebras, Memoirs of the AMS, vol. 6, Amer. Math. Soc., 1976.

[6] Ö. Eğecioğlu and J. B. Remmel, A combinatorial interpretation of the inverse Kostka matrix, Linear and Multilinear Algebra 26 (1990), 59–84.

[7] D. Foata and D. Zeilberger, Denert’s permutation statistic is indeed Euler-Mahonian, Stud.

Appl. Math. 83 (1990), 31–59.

[8] E. Formanek, The center of the ring of 3×3 generic matrices, Linear and Multilinear Algebra 7 (1979), 203–212.

[9] , The center of the ring of 4 × 4 generic matrices, J. Algebra 62 (1980), 304–319. [10] J. Hua, Representations of quivers over finite fields, Ph.D. thesis, University of New South Wales, 1998.

[11] V. Kac, Infinite root systems, representations of graphs and invariant theory, Invent. Math.

56 (1980), 57–92.

[12] , Root systems, representations of quivers and invariant theory., Invariant theory, Lecture Notes in Mathematics, vol. 996, Springer Verlag, 1982, pp. 74–108.

[13] , Infinite-dimensional Lie algebras, third ed., Cambridge University Press, 1990. [14] H. Kraft and C. Riedtmann, Geometry of representations of quivers, Representations of algebras, London Math Soc. Lecture Note Ser., vol. 116, Cambridge University Press, 1986, pp. 109–145.

[15] L. Le Bruyn, Centers of generic division algebras and zeta-functions, Ring theory, Lecture Notes in Mathematics, vol. 1328, Springer Verlag, 1986, pp. 135–164.

[16] L. Le Bruyn and A. Schofield, Rational invariants of quivers and the ring of matrix invariants, Perspectives in ring theory (F. Van Oystaeyen, ed.), NATO Adv. Sci. Inst. Ser. C: Math. Phys. Sci, vol. 233, NATO, Kluwer Acad. Publ, 1987, pp. 21–29.

[17] I. G. Macdonald, Symmetric functions and Hall polynomials, second ed., Oxford Mathematical Monographs, vol. 31, Oxford University Press, 1995.

[18] C. M. Ringel, Hall algebras and quantum groups, Invent. Math. 101 (1990), 583–592. [19] B. Sevenhant, Some more evidence for a conjecture of Kac, in preparation. [20] B. Sevenhant and M. Van den bergh, A relation between a conjecture of Kac and the structure of the Hall algebra, to appear, 1998.

[21] R. P. Stanley, On counting inequivalent representations over GF(q), Unpublished notes, Feb 1981.

[22] A. V. Zelevinski, Representations of finite classical groups, Lecture Notes in Mathematics, vol. 869, Springer Verlag, 1981.

Departement WNI, Limburgs Universitair Centrum, Universitaire Campus, Building D, 3590 Diepenbeek, Belgium

E-mail address, B. Sevenhant: bsevenha@luc.ac.be E-mail address, M. Van den Bergh: vdbergh@luc.ac.be