GROTHENDIECK GROUPS AND TILTING OBJECTS

IDUN REITEN DEPARTMENT OF MATHEMATICAL SCIENCES NORWEGIAN UNIVERSITY OF SCIENCE AND TECHNOLOGY 7491 TRONDHEIM NORWAY

MICHEL VAN DEN BERGH DEPARTMENT WNI, LIMBURGS UNIVERSITAIR CENTRUM UNIVERSITAIRE CAMPUS, BUILDING D 3590 DIEPENBEEK BELGIUM

dedicated to Klaus Roggenkamp for his 60th birthday

Abstract. Let C be a connected noetherian hereditary abelian category with Serre functor over an algebraically closed field k, with finite dimensional homomorphism and extension spaces. Using the classification of such categories from [31], we prove that if C has some object of infinite length, then the Grothendieck group of C is finitely generated if and only if C has a tilting object.

Introduction

Let k be an algebraically closed field and C a hereditary abelian Ext-finite kcategory. That C is hereditary means that Ext^i(−, −) vanishes for i ≥ 2, and we say that C is Ext-finite if Ext^i(A, B) is finite dimensional over k for all A, B in C and all i. A central problem in the representation theory of artin algebras is to describe such C which have a tilting object. This is important in connection with the investigation of quasitilted algebras, as introduced in [19].

When a hereditary abelian Ext-finite k-category C has a tilting object, it is a consequence that the Grothendieck group K_0(C) is free abelian of finite rank [19]. This suggests the problem of describing the C for which K_0(C) is finitely generated (or free abelian of finite rank), and to decide to which extent having a finitely generated Grothendieck group implies the existence of a tilting object. Relating the existence of a tilting object to properties of the more widely known notion of Grothendieck group provides a better insight into the meaning of the condition of the existence of a tilting object. In particular, it is interesting to understand in terms of Grothendieck groups the special role the category coh X of coherent sheaves on a weighted projective line [12] plays within the larger class of quotient categories of finitely generated graded modules over commutative noetherian isolated singularities of Krull dimension two, or within the class of categories coh O of coherent modules over a sheaf O of hereditary orders over a smooth projective curve. The categories coh X of coherent sheaves on a weighted projective line then correspond to the coh O where the smooth projective curve is the projective line P^1.

We will use the general classification results from [31] to solve the above problems under the additional hypotheses that C is noetherian and has a Serre functor (see section 1). The latter hypothesis is natural since it is a consequence of the 1

existence of a tilting object. Both additional hypotheses are satisfied for the quotient categories mentioned above. Since the properties of C having a tilting object, a finitely generated Grothendieck group or a Serre functor are preserved under derived equivalence of hereditary categories [17, 31] our results apply more generally to the C with the additional hypothesis of having a Serre functor and being derived equivalent to a noetherian hereditary category.

Some of the results on Grothendieck groups of quotient categories proved in this paper are inspired by similar results for two-dimensional complete noetherian rings, used as a tool for classifying maximal orders of finite representation type in [30].

Section 1 is devoted to discussing background material from various sources, collected together for the benefit of the reader. In section 2 we describe the C with finitely generated Grothendieck group. A new criterion for an object to be a tilting object is given in section 3, which is interesting also in its own right. In section 4 we construct exceptional collections of modules over a hereditary order over a discrete valuation ring. This is used in section 5, along with the criterion from section 3, to construct a tilting object in the category coh O of coherent modules over a sheaf O of hereditary orders over P^1. In section 6 we give our main result on the connection between the existence of a tilting object and the Grothendieck group being finitely generated. Under our assumptions the conditions turn out to be equivalent if C is connected and has some object of infinite length. In section 7 we give some examples and comments.

We give an appendix proving directly the relationship between the category of coherent sheaves on a weighted projective line and the category coh O of coherent modules over a sheaf O of hereditary orders over P^1.

Hereditary abelian k-categories which are Ext-finite, noetherian and have a Serre functor were classified in [31]. It is also of interest to investigate hereditary abelian categories which do not satisfy the additional assumptions, for example with respect to when the Grothendieck group is finitely generated. In Appendix B we give some sources of examples of hereditary abelian categories.

1. Background

In this section we provide some background material from various sources, to provide a better understanding of how our work fits in.

1.1. Tilting objects. We will say that an abelian or triangulated category has finite homological dimension if between any two objects only a finite number of Ext are non-zero. If C is an abelian category then C has finite homological dimension if and only if this is the case for D^b(C).

Let A be a triangulated category of finite homological dimension. If T ∈ A, then add(T) is by definition the smallest additive category containing T which is closed under finite direct sums and summands. We say that T is a tilting object if Ext^i_A(T, T ) = 0 for i ≠ 0 and add T generates A (in the sense that A is the smallest subcategory of A containing add T which is closed under shifts and cones).

If C is an abelian category of finite homological dimension then T ∈ C is a tilting object if it is a tilting object in D^b(C). This definition of a tilting object in C is equivalent to the usual notion of tilting module (of finite projective dimension) when C is the category mod Λ of finitely generated modules for an artin algebra of finite global dimension, as is seen directly or by using [9, 32]. For an Ext-finite hereditary abelian k-category C it is equivalent to the following definition used in [18] (reformulating conditions from [19, 16]): An object T in C is a tilting object if Ext^1(T, T ) = 0 and if Hom(T, X) = 0 = Ext^1(T, X) implies X = 0. In general the definition in [19] is modelled on the definition of a tilting module of projective dimension at most one, and is hence different from ours when C is not hereditary.

When T is a tilting object in mod Λ for an artin algebra Λ of finite global dimension, there is an induced equivalence D^b(mod Λ) → D^b(mod End(T )^{opp}) between bounded derived categories, and similarly if T is a tilting object in the category coh X of coherent sheaves on a smooth projective variety X [15, 32, 3]. This can easily be extended to the case of coh O where O is a coherent O_X -algebra locally of finite global dimension. The analogous result for tilting objects in Ext-finite hereditary abelian k-categories is given in [19].

In general if T is a tilting object in a triangulated category A one may expect an equivalence A ∼= D^b(End(T )^{opp}). There is recent work in this direction by Keller, using A_∞-categories, and building on [21]. In particular it follows from his results that if T is a tilting object in an Ext-finite abelian k-category C of finite homological dimension, then there is an equivalence between D^b(C) and D^b(End(T )^{opp}).

It follows from this derived equivalence that when C is an Ext-finite abelian kcategory of finite homological dimension having a tilting object T , the Grothendieck group K_o(C) is isomorphic to Z^n, where n is the number of nonisomorphic summands of T (see [19] for the hereditary case). Given T in C with Ext^i(T, T ) = 0 for i > 0, it is an important problem, open even for artin algebras, whether T having n nonisomorphic summands is sufficient for T to be a tilting object. It is known in the case of artin algebras when the projective dimension of T is at most one [6], and for C Ext-finite hereditary if C has some tilting object [16].

1.2. Hereditary categories and weighted projective lines. Hereditary abelian Ext-finite categories are of special interest in connection with quasitilted algebras, as introduced in [19]. The quasitilted algebras are by definition the endomorphism algebras End(T )^{opp} when T is a tilting object in a hereditary category. Equivalently, an algebra Λ is quasitilted if and only if gl.dim.Λ ≤ 2 and each indecomposable X in mod Λ has projective or injective dimension at most one [19]. Main examples of categories C are mod Λ where Λ is a hereditary artin algebra and coh X when X is a smooth projective curve. More generally there are the coherent sheaves on weighted projective lines [12], which we discuss next.

Let λ = (λ_1, λ_2, . . . , λ_n), n ≥ 2, be a finite number of points in P^1, with λ_1 = 0, λ_2 = ∞, λ_3 = 1. For a sequence e = (e_1, . . . , e_n) of positive integers consider the associated ring

R = k[x_1, . . . , x_n]/[(x^{ei}_i − x^{e2}_2 + λ_ix^{e1}_1 )]_{i≥3}.

(1.1)

Let H be the abelian group generated by h_1, . . . , h_n and with relations e_1h_1 = · · · = e_nh_n. Then H is isomorphic to Z ⊕ G, where G is a finite group [12]. R is then a H-graded ring, and Geigle and Lenzing write coh X for the hereditary category gr_H R/finite length, where gr_H R denotes the category of finitely generated H-graded R-modules with degree zero homomorphisms. Geometrically coh X can be viewed as the coherent sheaves over a (hypothetical) space X which is a generalization of P^1. Hence Geigle and Lenzing call X a “weighted projective line”.

The category coh X is a noetherian hereditary abelian category with finite dimensional homomorphism and extension spaces, which has a tilting object T such that End_H(T )^{opp} is a canonical algebra in the sense of Ringel [33], and actually all canonical algebras are obtained this way. Like for tilting for finite dimensional algebras [15], there is also induced an equivalence of derived categories D^b(coh X ) → D^b( End_H(T )^{opp}) [12]. This setup is used to give an alternative approach to the study of the module theory for canonical algebras, by first investigating the hereditary category coh X . The rings described by (1.1) are H-graded factorial and it is shown in [22] that this property characterizes those rings amongst the two-dimensional rings.

There are two main known sources of connected hereditary categories C with tilting object; the module categories of finite dimensional hereditary k-algebras and the categories coh X . In addition there are the hereditary abelian categories derived equivalent to them. It is conjectured that there are no more, and in fact this is proved in [25] for noetherian hereditary categories and more generally in [17, 18] under the assumption that C has at least one nonzero object of finite length, or at least one directing object, that is, an object which does not lie on a cycle of nonzero nonisomorphisms.

1.3. Noetherian hereditary categories with Serre functor. We recall some essential features of the classification of noetherian hereditary abelian Ext-finite k-categories with Serre functor. For further details we refer to [31].

Assume that C is an Ext-finite abelian k-category. A Serre functor for C is an auto-equivalence F : D^b(C) → D^b(C) where D^b(C) denotes the bounded derived category, such that for all A, B in D^b(C) there are isomorphisms Hom(A, B)^{∼=}−→ Hom(B, F A)^∗ natural in A and B ((−)^∗ is the k-dual). For A in C we then have Hom(A, B[i]) ≃ Hom(B[i], F A)^∗ for all B in C and any integer i. Since F A is in D^b(C), there is some integer i_0 such that Hom(B[i], F A) = 0 for i ≥ i_0 and any B in C. Hence A has finite projective dimension, and consequently C has finite homological dimension.

For a hereditary abelian Ext-finite k-category C the existence of a Serre functor implies the existence of almost split sequences, and the converse holds if C has no non-zero projective or injective objects [31].

Let be C a connected category. It is proved in [31] that if C is a connected noetherian hereditary Ext-finite k-category with Serre functor then C has one of the following forms.

(i) A category coh O, where O is a sheaf of hereditary orders over a smooth projective curve.

(ii) C is mod Λ for a finite dimensional hereditary k-algebra Λ. (iii) C is the category of nilpotent finite dimensional representations of the quiver Ã_n with cyclic orientation with n < ∞.

(iv) C is derived equivalent to a hereditary category where all objects have finite length and having an infinite number of nonisomorphic simple objects.

The actual result in [31] also contains a precise classification of the categories in (iv). We also recall from [31] that for the categories in (i) there is an alternative description as follows.

(i’) Categories of the form qgr S = gr S/finite length, where gr S denotes the category of finitely generated graded modules over a commutative noetherian Z-graded domain S = k + S_1 + S_2 + ... + S_i + ... of Krull dimension two which is finite over its center, where the S_i are finite dimensional over k, and S is an isolated singularity.

The categories coh X have also as we have seen a similar description, as quotient categories starting with an H-graded ring, where H is not necessarily Z. But it follows from [13][24] that one can assume that the rings are Z-graded, so that the class coh X is a subclass of the qgr S.

1.4. Classical hereditary orders. In this section we collect some well-known properties of hereditary orders. We will loosely refer to a classical hereditary order as an order Λ in a central simple algebra A over a field K which is hereditary. Let R be the center of Λ. According to [34] R is a Dedekind ring. (This fact does not seem to be contained in exactly this form in [29]).

Assume that R is a discrete valuation ring with maximal ideal m. Then according to [29] the radical I of Λ is invertible. Furthermore by [29] there is an integer e such that I^e = mΛ, called the ramification index of Λ/R. It follows from the structure theory of hereditary orders in [29] that if e = 1 then Λ is maximal. If the converse is true then we say that A/K is unramified. This happens for example if A = M_n(K).

If R is not a discrete valuation ring then by localizing one defines ramification indices e_P for the non-zero primes in R. By analyzing D = Hom(Λ, R) it follows easily that Λ/R ramifies in only a finite number of primes.

2. Finitely generated Grothendieck groups

Let C be a noetherian Ext-finite hereditary abelian k-category with Serre functor, where k is an arbitrary field. In this section we describe which C have finitely generated Grothendieck group. For this we use the classification theorem from [31] in the form recalled in §1.3. The main problem we need to deal with is when the category coh O of coherent modules over a sheaf O of hereditary orders over a smooth projective curve X has finitely generated Grothendieck group.

Let X be a regular connected curve over a field k. Let K be the function field of X and let A be a central simple algebra over K. Let O be a sheaf of hereditary orders in A over O_X . Thus locally O is a hereditary order over a Dedekind ring (in the sense of [29]).

If A is a sheaf of rings on a topological space Z then we use the notation coh(A) for the category of coherent A-modules and we write K_0(A) for K_0(coh(A)).

Our first aim is to give some results on K_0(O).

Proposition 2.1. Let O be as above. Let x_1, . . . , x_t be the points in which O ramifies, and let e_1, . . . , e_t be the corresponding ramification indices (see §1.4). Put r = ∑ i (e_i − 1).

(2.1)

Let Ō be a maximal order lying over O. Then

K_0(O) ∼= K_0(Ō) ⊕ Z^r.

If k is algebraically closed then

K_0(O) ∼= K_0(O_X ) ⊕ Z^r.

Proof. The hereditary orders in A containing O form a partially ordered set which we will denote by H(O).

If O^′ ∈ H(O) lies minimally over O then one proves exactly as in [30, Thm 1.14] that K_0(O) = K_0(O^′) ⊕ Z.

Let Ō be a maximal order lying over O. We deduce that K_0(O) ∼= Z^r ⊕ K_0(Ō), where r is the length of a maximal chain in H(O), starting in O and ending in Ō.

A local computation shows that r is given by the formula (2.1), which finishes the proof of the computation of K_0(O).

If k is algebraically closed then by Tsen’s theorem [8, p. 374] one has that Ō ∼= End_{OX} (E) where E is a vector bundle of rank n on X. Hence by Morita theory K_0(Ō) ∼= K_0(O_X ).

Corollary 2.2. Assume k is a algebraically closed. Then K_0(O) is finitely generated if and only if X is an open subset of P^1.

Proof. By the previous proposition it suffices to prove this for O = O_X . Let X̄ be the regular projective curve associated to the function field of X [10]. Then X̄ is a regular compactification of X. In particular X̄ − X is a finite number of points, whence by the localization sequence K_0(O_X ) is finitely generated if and only if K_0(O¯_X ) is finitely generated. Hence we may assume that X is projective. By [20, Ex. II.6.12, Rem. IV.4.10.4] one has K_0(O_X ) ∼= Z^2 ⊕ J(k) where J(k) denotes the k-points of the Jacobian of X. It is well-known that J(k) is not finitely generated if X ≇ P^1 (for example because in that case J(k) is non-trivial and divisible [26]).

Combining with §1.3 we now get the following main result of this section.

Theorem 2.3. Let C be a connected noetherian Ext-finite hereditary abelian kcategory with Serre functor where k is an algebraically closed field. Then K_o(C) is finitely generated (free abelian) if and only if C has one of the following forms.

1. mod Λ where Λ is an indecomposable finite dimensional hereditary k-algebra. 2. Finite dimensional nilpotent representations over Ã_n with n finite and cyclic orientation.

3. coh O where O is a sheaf of hereditary O_X -orders with X = P^1.

Proof. It is clear that the categories in 1. and 2. have finitely generated (free abelian) Grothendieck groups, and that K_o(C) is not finitely generated if C is derived equivalent to a hereditary category C^′ with all objects of finite length and an infinite number of nonisomorphic simple objects. In view of §1.3 the proof is completed by using Corollary 2.2.

3. A criterion for deciding if an object is a tilting object.

The aim of this section is to give a criterion for an object of projective dimension at most one in an abelian category to be a tilting object. For this we need to recall some results on semiorthogonal pairs in triangulated categories from [4, 5].

Let A be a triangulated category and let B, C be two strict (= closed under isomorphisms) full triangulated subcategories of A. The pair (B, C) is said to be a semi-orthogonal pair if Hom_A(B, C) = 0 for B ∈ B and C ∈ C. Define B^⊥ = {A ∈ A | ∀B ∈ B : Hom_A(B, A) = 0}. The category^⊥C is defined similarly.

If S is a class of objects in A then the (triangulated) category generated by S is the smallest subcategory of A which is closed under shifts, cones, and isomorphisms.

The following result is a slight variation of the statement of [4, Lemma 3.3.1] (see also [5, §1]).

Lemma 3.1. The following conditions are equivalent for a semi-orthogonal pair (B, C). 1. B and C generate A.

2. For every A ∈ A there exists a distinguished triangle B → A → C with B ∈ B and C ∈ C.

3. C = B^⊥ and the inclusion functor i_∗ : B → A has a right adjoint i^! : A → B. 4. B =^⊥C and the inclusion functor j_∗ : C → A has a left adjoint j^∗ : A → C.

If one of these conditions holds then the functors i^!, j^∗ are exact and the triangles in 2. are (for a fixed A) unique up to unique isomorphism. They are necessarily of the form i_∗i^!A → A → j_∗j^∗A (3.1)

where the maps are obtained by adjointness from the identity maps i^!A → i^!A and j^∗A → j^∗A. In particular triangles as in 2. are functorial.

If any of the conditions of the previous lemma holds then we say that (B, C) is a semi-orthogonal decomposition of A.

Now for the rest of this section let k be a field. All categories (abelian or triangulated) will be k-linear with finite dimensional Hom’s and Ext’s and have finite homological dimension.

Let A be a triangulated or abelian category. For an object T in A we denote by T^⊥ the full subcategory of A whose objects are the C in A with Ext^i(T, C) = 0 for all i. We say that an object T ∈ A is exceptional if Ext^i_A(T, T ) = 0 for i > 0 and End_A(T ) is a (finite dimensional) division algebra. A sequence of exceptional objects T_1, . . . , T_n is an exceptional collection if Ext^∗_A(T_i, T_j ) = 0 for j > i. An exceptional collection is strongly exceptional if Ext^t_A(T_i, T_j ) = 0 for t > 0 and all i, j. The following is proved in [5].

Lemma 3.2. Assume that T_1, . . . , T_n is an exceptional collection in a triangulated category A. Let B be the triangulated subcategory of A generated by T_1, . . . , T_n and put T = ⊕_iT_i. Then A has a semi-orthogonal decomposition given by (B, B^⊥) = (B, T^⊥).

Proof. For the convenience of the reader we repeat the proof. We have to show that A is generated by B and T^⊥. Let B_1 be the full subcategory of A consisting of objects isomorphic to finite direct sums of the form ⊕_j T_1[j]^{aj} . Then B_1 is a strict triangulated subcategory of A. This can be deduced from the fact that the formation of triangles in A is compatible with direct sums [37, Cor. II.1.2.5]. Sending A ∈ A to ⊕_i Ext^i(T_1, A) ⊗_D T_1[−i] defines a right adjoint to the inclusion B_1 → A. This yields a semi-orthogonal decomposition of A given by (B_1, B^⊥_1 ) = (B_1, T^⊥_1 ). In particular A is generated by B_1 and T^⊥_1 . Now we repeat this construction with T_2 ∈ T^⊥_1 . So if B_2 is the full subcategory of A consisting of objects isomorphic to finite direct sums of the form ⊕_j T_2[j]^{aj} then we have that T^⊥_1 is generated by B_2 and (T_1 ⊕T_2)^⊥. Continuing this procedure we find that A is generated by B_1, . . . B_n and T^⊥. This finishes the proof.

We point out the following consequence of Lemma 3.2.

Corollary 3.3. Let T_1, · · · , T_n be a strongly exceptional collection in a triangulated category A satisfying the above assumptions. Then T is a tilting object if and only if T^⊥ = 0.

We shall need that semi-orthogonal decompositions behave nicely with respect to Grothendieck groups.

Lemma 3.4. Assume that (B, C) is a semi-orthogonal decomposition for a triangulated category A. Then K_0(A) ∼= K_0(B) ⊕ K_0(C).

Proof. The inclusions B, C ⊂ A define a map K_0(B) ⊕ K_0(C) → K_0(A). An inverse to this map is given by sending [A] to [i^!A]⊕[j^∗A] (see Lemma 3.1 for notations).

Lemma 3.5. Assume that A is a triangulated category, and let T_1, . . . , T_n ∈ A be an exceptional collection. Put T = ⊕_iT_i. Then K_0(A) ∼= Z^n ⊕ K_0(T^⊥).

Proof. Using the same method as in Lemma 3.2 we find inductively using Lemma 3.4 that K_0(A) = ⊕_iK_0(B_i) ⊕ K_0(T^⊥). Now it is easy to see that sending ⊕_j T_i[j]^{aj} to ∑ j (−1)^j a_j defines an isomorphism K_0(B_i) ∼= Z. This proves what we want.

If B is an abelian category and B ∈ B then we will say that B has projective dimension ≤ r if Ext^s_B(B, −) = 0 for s > r.

The above results have a counterpart for abelian categories provided we work with exceptional objects of projective dimension ≤ 1. This follows from the following lemma.

Lemma 3.6. Assume that B is an abelian category and let T be an object in B of projective dimension ≤ 1. If an object in D^b(B) is (right) perpendicular to T then so is its homology. In particular D^b_{T ⊥B} (B) = T^⊥_{Db(B)}.

Proof. Let B ∈ T^⊥_{Db(B)} and assume that n is maximal such that H^n(B) ≠ 0. Then there is a triangle τ_{<n}B → B → H^n(B)[−n] → (3.2)

Applying Hom(T, −) yields injections Ext^i(T, H^n(B)) → Hom(T, (τ_{<n}B)[n+1+i]). Since for i ≥ 0 the non-trivial homology of (τ_{<n}B)[n+1+i] occurs in degrees ≤ −2 and since the projective dimension of T is less than or equal to 1 it follows that Hom(T, (τ_{<n}B)[n + 1 + i]) = 0 for i ≥ 0. In particular Ext^i(T, H^n(B)) = 0 for i ≥ 0. Since trivially Ext^i(T, H^n(B)) = 0 for i < 0 it follows that H^n(B) ∈ T^⊥. But then it follows from (3.2) that τ_{<n}B ∈ T^⊥. Repeating this procedure with B replaced by τ_{<n}B eventually yields that the homology of B is in T^⊥.

As a corollary one obtains a proof of the following standard result.

Corollary 3.7. Let T and B be as in the previous lemma. Then T^⊥_B is an abelian category.

Proof. If f : A → B is a map in T^⊥_B then one has to show that ker f, coker f ∈ T^⊥_B . Since the complex represented by f clearly lies in T^⊥_{Db(B)}, this follows from the previous lemma.

As a consequence of Lemma 3.6 we obtain the following result on Grothendieck groups.

Corollary 3.8. Assume that B is an abelian category. Assume that T_1, . . . , T_n ∈ B is an exceptional collection consisting of objects of projective dimension ≤ 1. Let T = ⊕_iT_i. Then K_0(B) ∼= Z^n ⊕ K_0(T^⊥).

Proof. By Lemmas 3.5 and 3.6 one has

K_0(B) ∼= K_0(D^b(B))

∼= Z^n ⊕ K_0(T^⊥_{Db(B)}) ∼= Z^n ⊕ K_0(D^b_{T ⊥B} (B))

∼= Z^n ⊕ K_0(T^⊥_B )

We now get the main result of this section.

Corollary 3.9. Assume that B is an abelian category of finite Krull dimension. Let T = ⊕^n_{i=1}T_i be as in Corollary 3.8, but assume is addition that Ext^1(T_i, T_j ) = 0 for all i, j. If n = rk K_0(B) then T is a tilting object in B.

Proof. By Lemma 3.2 we have to show T^⊥ = 0. By Lemma 3.6 it follows that T^⊥ is equal to D^b_{T ⊥B} (B). So it is sufficient to show that H^{def}= T^⊥_B = 0.

By Corollary 3.8 one has rk K_0(H) = 0. Since H is an abelian subcategory of B, it also has finite Krull dimension. In particular if H ≠ 0 there is a quotient category C of H which has finite length. Selecting a simple object in C yields a rank function on H which is non-trivial. Hence rk K_0(H) > 0. This yields a contradiction.

It would be interesting to know if for a nonzero hereditary abelian k-category B with finite dimensional homomorphism and extension spaces we must have K_0(B) ≠ 0.

4. Strongly exceptional collections for hereditary orders over discrete valuation rings

In order to construct a tilting object in the category coh O of coherent modules for a hereditary order O over P^1 we need to produce some exceptional collections of modules for hereditary orders over discrete valuation rings. We start by recalling some properties for such orders. For simplicity we restrict ourselves to hereditary orders contained in a matrix ring since that is the only case we will need.

Let R be a discrete valuation ring and let m be its maximal ideal. Furthermore let K be the quotient field of R and put A = M_n(K) . Let Δ be a hereditary order in A in the sense of [29].

Thus there exist strictly positive integers n_1, . . . , n_t such that n = n_1 + · · · + n_t and such that Δ is isomorphic to R_{n1 ×n1} m_{n1 ×n2} · · · R_{n2 ×n1} R_{n2 ×n2} · · · . . . . .. . R_{nt ×nt} (4.1)

Here (−)_{a×b} is a shorthand for M_{a×b}(−). Strictly speaking this is proved in [29] only in the case that R is complete, but as is remarked in [29, bottom of p. 364] the result remains valid in the case we consider.

For i = 1, . . . , t put p_i = ∑ j≤i n_j , q_i = ∑ j>i n_j . Also let P_i be the i’th indecomposable projective for Δ.

Thus by definition

P_i = ( m_{pi−1} R_{qi−1} )

where (−)_a now stands for M_{a×1}(−).

Clearly P_1 ⊃ P_2 ⊃ · · · ⊃ P_t. Set S_i = P_1/P_i for i = 2, . . . , t and for the same indices put

Δ_i = ( R_{pi−1 ×pi−1} m_{pi−1×qi−1} R_{qi−1 ×pi−1} R_{qi−1 ×qi−1} )

The Δ_i are submaximal orders containing Δ and S_i is a simple Δ_i-module.

Using this observation one proves:

Lemma 4.1. One has

Δ_i ⊗_Δ S_j = { 0 if i > j S_i if i ≤ j Proof. Since one has Δ_i ⊗_Δ P_1 = Δ_i ⊗_Δ Δ_i ⊗_{Δi} P_1 = Δ_i ⊗_{Δi} P_1 = P_1 it follows that

Δ_i ⊗_Δ S_j = P_1/Δ_iP_j

It is now easy to see that

Δ_iP_j = { P_1 if i > j P_i if i ≤ j which yields the result.

Corollary 4.2. Ext^1_Δ(S_j , S_i) = 0, and

Hom_Δ(S_j , S_i) = { 0 if i > j R/m if i ≤ j

Proof. One has

Ext^p_Δ(S_j , S_i) = Ext^p_{Δi} (Δ_i ⊗_Δ S_j , S_i) = { 0 if i > j Ext^p_{Δi} (S_i, S_i) if i ≤ j

It is easy to see that Hom(S_i, S_i) = R/m and one verifies directly that Ext^1_{Δi} (S_i, S_i) = 0. Corollary 4.3. (S_i)_{i=2,... ,t} is a strongly exceptional collection for Δ.

One also has

Lemma 4.4. Ext^p_Δ(S_j , P_1) = 0 for all p.

Proof. Put Γ = M_n(R). Then one has Ext^p_Δ(S_j , P_1) = Ext^p_Γ(Γ ⊗_Δ S_j , P_1) = 0

5. Existence of tilting objects for hereditary orders on P^1

In this section X will be P^1 for an algebraically closed field k. Let K be the function field of X and let A = M_n(K). Let O be a sheaf of hereditary orders in A. Thus locally O is a hereditary order over a Dedekind ring (in the sense of [29]).

To compute global Ext’s in coh(O) below we will use the fact that [14, Prop. II.5.3] RHom_O(A, B) = RΓ(X, RHom_O(A, B))

(5.1)

together with the fact that RHom_O(A, B) can be computed locally. That is, if x ∈ X then RHom_O(A, B)_x = RHom(A_x, B_x).

Let Ō be a maximal order in A lying over O. By Tsen’s theorem there exists a vector bundle E of rank n on X such that Ō = End_{OX} (E).

Let the notations be as in Proposition 2.1.

Fix i and put R_i = O_{X,xi} , Δ_i = O_{xi} . Then Δ_i is isomorphic to an order of the form (4.1) with t = e_i. We choose this isomorphism in such a way that it extends to an isomorphism between Ō_{xi} and M_n(R_i). Let us write S_{ij} (i = 1, . . . t, j = 2, . . . , e_i) for the finite length Δ_i-modules which were denoted by S_j in Section 4. We consider the S_{ij} as O-modules.

Since coh O_X has a tilting object, for example given by O_X ⊕ O_X (−1), the same is true for Ō by Morita theory. We will take T̄ = E ⊕ E(−1) as a tilting object in coh(Ō). By the choice of the local isomorphisms, E_{xi} will correspond to the projective Δ-module denoted by P_1 in the previous section.

Proposition 5.1. T = ⨁ ij S_{ij} ⊕ E ⊕ E(−1) is a tilting object in coh(O).

Proof. Since K_0(O_P1) ∼= Z^2 it follows from Proposition 2.1 that the number of summands of T is equal to the rank of K_0(O).

We want to show that the summands of T are a strongly exceptional collection. To do this we have to compute the Ext^∗(−, −) between the summands of T . We first compute the RHom’s using Corollary 4.2 and lemma 4.4. The result is as follows. S_{kl} E E(−1) S_{ij} ∗ 0 0 E O_{xk} O_X O_X (−1) E(−1) O_{xk} O_X (1) O_X

(5.2)

For the square marked ‘∗’ we have (using Corollary 4.2)

RHom(S_{ij} , S_{kl}) =

0 if i ≠ k 0 if i = k and l > j O_{xi} otherwise

It now follows immediately from (5.1) that Ext^∗ is zero between the summands of T . For the Hom’s we find: S_{kl} E E(−1) S_{ij} ∗ 0 0 E k k 0 E(−1) k k^2 k

(5.3)

with the ‘∗’ entry given by

Hom(S_{ij} , S_{kl}) =

0 if i ≠ k 0 if i = k and l > j k otherwise

So it follows in particular that T is defined by a strongly exceptional collection. We are now done by Corollary 3.9.

6. Finitely generated Grothendieck groups and existence of tilting objects.

In this section we combine our previous results to get our desired connection between existence of tilting objects and the Grothendieck group being finitely generated.

The main result of this paper is the following.

Theorem 6.1. Let C be a connected noetherian hereditary abelian Ext-finite kcategory with Serre functor, where k is an algebraically closed field. Then the following are equivalent.

(a) K_o(C) is finitely generated. (b) (i) C has a tilting object or

(ii) C is the category of finite dimensional representations of the quiver Ã_n with cyclic orientation for some n < ∞.

Proof. (b) ⇒ (a). We have already pointed out that (b)(i) implies (a) [19, I.4.6], and (b)(ii) implies (a) is obvious.

(a) ⇒ (b). Assume that K_o(C) is finitely generated. If C = mod Λ for a finite dimensional hereditary k-algebra Λ, then C has a tilting object. If C = coh O where O is a sheaf of hereditary orders over P^1, it follows from Proposition 5.1 that C has a tilting object. Hence we are done using Theorem 2.3.

Actually, the following related result is also of interest.

Theorem 6.2. Let C be a connected noetherian Ext-finite hereditary category which has no projectives or injectives and which has an object which is not of finite length. Then the following are equivalent.

1. C has a tilting object.

2. C is derived equivalent to a finite dimensional algebra. 3. C has almost split sequences and K_0(C) is finitely generated. 4. C is of the form coh(O) where O is a sheaf of hereditary O_P1-orders. 5. C is of the form coh X for a weighted projective line X .

Proof. 1. ⇒ 2. When C has a tilting object T , it follows from [19, I, Th. 4.6] that C is derived equivalent to the finite dimensional algebra End(T )^{opp}.

2. ⇒ 3. Since the hereditary category C is derived equivalent to a finite dimensional algebra Λ, it follows that Λ must have finite global dimension. Hence mod Λ, and consequently C, has a Serre functor [15]. Then it follows that C has almost split sequences [31].

Since K_0(mod Λ) is finitely generated, it follows that K_o(C) is finitely generated because this property is an invariant of derived equivalence.

3. ⇒ 4. Since C has almost split sequences and no nonzero projectives or injectives, it follows that C has a Serre functor [31]. Since C has some object of infinite length, it follows from Theorem 2.3 that C is of the form coh(O) where O is a sheaf of hereditary O_P1-orders.

4. ⇒ 1. This follows from Proposition 5.1.

5. ⇔ 1. That coh X for a weighted projective line X has a tilting object follows from [12], and 1. ⇒ 5. follows from [25].

In an appendix we give for completeness an independent proof of 4. ⇔ 5, hence providing a proof of Theorem 6.2 without using [25].

7. Examples and comments

In this section we give some examples and comments without proofs, related to the material in this paper.

We start by pointing out how to obtain some concrete examples of categories qgr S. Translation quivers ZΔ, where Δ is an extended Dynkin diagram occur as AR-quivers for the graded reflexive modules over invariant rings S = k[X, Y ]^G where G is a finite group and k is an algebraically closed field of characteristic zero (see [2] for the definition of AR-quiver). The corresponding mesh category for ZΔ is then a full subcategory of qgr S whose objects have no nonzero summands of finite length. We obtain a (finite) basis for K_0(qgr S) by considering vertices given by a ”section”. Actually such a set of vertices corresponds to a tilting object. For two-dimensional Z-graded rings S^′ of finite (graded) representation type we have that qgr S^′ is equivalent to some qgr k[X, Y ]^G. The rings k[X, Y ]^G are Gorenstein. It is however not true for a two-dimensional isolated singularity in general that there is a commutative Gorenstein ring S with qgr S^′ equivalent to qgr S(see [24]).

While there is a lot of analogy with the work in [30], we note that there are also some differences. In the complete case, for the rings Λ of finite representation type, considered as orders, the rank n of K_0(q(Λ)) gives information on how far Λ is from being a maximal order (of finite representation type). In this case there was a chain Λ = Λ_1 ⊂ · · · ⊂ Λ_n of orders with Λ_n maximal and such that there is no refinement of the chain. Then K_0(q(Λ)) has rank 1, when Λ is a maximal order, and all commutative Λ of finite type are maximal orders. In the graded case however, given S with rank qgr(S) = n, there is no corresponding chain of graded orders ending up with k[X, Y ].

We point out that if C is a hereditary abelian k-category with all objects of finite length, then C does not necessarily have almost split sequences (or Serre functor). For example, this is the case if C is the category of holonomic modules over the first Weyl algebra (see [28]). And it follows from [35] that it holds for the category of finite dimensional representations over k of a finite connected quiver having oriented cycles, but which is not equal to a single oriented cycle.

Appendix A. Hereditary orders and weighted projective lines

In this appendix we will show directly that coh(O) for O a classical hereditary order over P^1 is equivalent to coh X for a weighted projective line X and furthermore we will show that every weighted projective line appears in this way. As was said before this can be deduced from Theorem 6.2 together with [25].

We follow the methods of [1], except that we consider gradings by rank one abelian groups which can have torsion.

To formalize this let D be an abelian category and let O ∈ D be an object. In addition let (t_h)_{h∈H} be a family of autoequivalences of D indexed by a group H and for any pair h_1, h_2 ∈ H assume there are given natural isomorphisms η_{h1 ,h2} : t_{h1} t_{h2} → t_{h1h2} satisfying the cocycle condition

η_{h1 h2,h3} (η_{h1 ,h2} · t_{h3} ) = (t_{h1} · η_{h2 ,h3} )η_{h1 ,h2h3}

(A.1)

The data (t_h), (η_{h1 ,h2} ) can be used to put a H-graded ring structure on

Γ^∗(O) = ⨁ h∈H Hom(t^{−1}_h O, O)

as well as a H-graded Γ^∗(O)-module structure on

Γ^∗(M) = ⨁ h∈H Hom(t^{−1}_h O, M)

From now on we will assume that H is a finitely generated abelian group of rank one. We fix a non-torsion element z in H. Associated to H there is a surjective map ϕ : H → Z, unique up to sign. We fix the sign by imposing ϕ(z) > 0. If U is a H-graded abelian group then we say that U has right bounded grading if U_h = 0 for ϕ(h) ≫ 0. If R is a noetherian H-graded ring then we define qgr(R) = gr(R)/ tors(R) where tors(R) consists of the right bounded modules.

The following result is an easy extension of [1, Thm 4.5].

Proposition A.1. Let D be a noetherian Ext-finite abelian category and let O ∈ D. Let (t_h)_{h∈H} be a system of autoequivalences as above and assume that (D, O, t_z ) is an ample triple in the sense of [1]. Then R = Γ^∗(O) is noetherian and the functor Γ^∗ defines an equivalence between D and qgr(R).

Now let X = P^1, K = k(X) and let O be a sheaf of hereditary O_X -orders in A = M_n(K).

Let x_1, . . . , x_t ∈ X be the set of ramification points of O. Since the analysis of the cases t = 0, t = 1 and t ≥ 2 is somewhat different we consider the case t ≥ 2 first. Afterwards we discuss the other cases. Fix an arbitrary point x in X distinct from x_1, . . . , x_t and let (f_i)_{i=1,... ,t} be rational functions with divisor −(x_i) + (x).

Let I_i be fractional O-ideals in A defined by the condition

(I_i)_y = { (rad O_{xi} )^{−1} if y = x_i O_y otherwise

From this definition we obtain canonical isomorphisms (as fractional ideals) I^{ei}_i → I^{ej}_j : x → xf_j /f_i (A.2)

We let H be the abelian group of rank one generated by the elements h_1, . . . , h_t, subject to the relations e_ih_i = e_j h_j and we put z = h_1 + · · · + h_t.

Every h ∈ H has a unique representation of the form a_1h_1 + · · · + a_th_t with 0 ≤ a_i < e_i for i > 1. We define I_h = I^{a1}_1 · · · I^{at}_t . From (A.2) we obtain canonical isomorphisms ζ_{h1 ,h2} : I_{h1} I_{h2} → I_{h1 +h2} .

Associated to the fractional ideals I_h there are autoequivalences t_h on coh(O) given by I_h ⊗ −. The ζ_{h1 ,h2} define natural isomorphisms η_{h1 ,h2} : t_{h1} t_{h2} → t_{h1+h2} satisfying the cocycle condition (A.1).

Now let Ō be a maximal order overlying O. As usual Ō = End(E) for some vector bundle E on X. It follows from [31, Ch IV] that the triple (coh(O), E, t_z ) is ample. Hence if we take O = E in the above notations and we put R = Γ^∗(E) then R is a noetherian H-graded ring and Γ^∗ defines an equivalence between coh(O) and qgr(R).

Our next aim will be to show that R is in fact a weighted projective line. Unfortunately the autoequivalences η_{h1 ,h2} clutter up our computations rather badly. Therefore we will first give a more elegant description of R.

Let D be the graded ring defined by

D = A[u_1, u^{−1}_1 , . . . , u_t, u^{−1}_t ]/(f_iu^{ei}_i = f_j u^{ej}_j )]

D is clearly H-graded by putting deg u_i = h_i.

Let A be the graded order in D defined by A = ⨁ p_1 ,... ,p_t ∈Z (I_1u_1)^{p1} · · · (I_tu_t)^{pt}

Now it is not hard to see that

R = Hom(E, A ⊗_O E)

We will determine the structure of R explicitly. A local computation shows that R is equal to ⨁ p_1,... ,p_t∈N Γ(X, O_X ([p_1/e_1]x_1 + · · · + [p_t/e_t]x_t))u^{p1}_1 · · · u^{pt}_t

where [α] denotes the biggest integer not bigger than α.

We first claim that R is generated by u_1, . . . , u_t. By the relations in D it follows that OX ([p1/e1]x1+· · ·+[(pi+ei)/ei]xi+· · ·+[pj /ej ]xj +· · ·+[pt/et]xt)u^{p1}_1 · · · u^{pi+ei}_i · · · u^{pj}_j · · · u^{pt}_t = OX ([p1/e1]x1+· · ·+[pi/ei]xi+· · ·+[(pj +ej )/ej ]xj +· · ·+[pt/et]xt)u^{p1}_1 · · · u^{pi}_i · · · u^{pj +ej}_j · · · u^{pt}_t as subsheaves of D. Hence to show that every section of O_X ([p_1/e_1]x_1 + · · · + [p_t/e_t]x_t])u^{p1}_1 · · · u^{pt}_t is a linear combination of products of the u_i’s, it suffices to do so in the case that p_i < e_i for i ≥ 2. So below we make this assumption.

Write p_1 = q_1 + ae_1 where q_1 < e_1. We then have O_X ([p_1/e_1]x_1 + · · · + [p_t/e_t]x_t]) = O_X (ax_1). Let b_1, · · · , b_t ∈ N be such that b_1 + · · · + b_t = a. Using the relations in D we find that u^{q1+b1 e1} 1 u^{p2+b2e2} 2 · · · u^{pt+bt et}_t = f^{b2+···+bt}_1 /(f^{b2}_2 · · · f^{bt}_t )u^{p1}_1 u^{p2}_2 · · · u^{pt}_t The divisor of f^{b2+···+bt}

1 /(f^{b2}_2 · · · f^{bt}_t ) is equal to −a(x_1) + ∑_t i=1 b_i(x_i). Hence these rational functions clearly generate the global sections of O_X (ax_1), which is what we had to show.

We now claim that up to changing f_1, (f_i)_{i≥3} by a scalar we have the following relations in R :

u^{ei}_i − u^{e2}_2 + λ_iu^{e1}_1 = 0 (i ≥ 3)

(A.3)

where the (λ_i)_{i≥3} are suitable scalars with λ_3 = 1.

Rewriting u^{e2}_2 and u^{ei}_i in terms of u_1 it follows that the relation (A.3) is equivalent to the existence of a linear dependence

f_1/f_i − f_1/f_2 + λ_i = 0

(A.4)

Now the divisors of f_1/f_i, f_1/f_2 and 1 are respectively given by −(x_1) + (x_i), −(x_1) + (x_2) and 0. In particular these three rational functions are all sections of O_X (x_1). Since O_X (x_1) has degree one, it follows that there has to be at least a linear dependence

αf_1/f_i + βf_1/f_2 + γ = 0

(A.5)

Furthermore, inspecting divisors, it is easily seen that α, β, γ must all be non-zero. Dividing (A.5) by −β and changing f_i by a scalar yields (A.4). To make λ_3 equal to 1 we finish by changing f_1 by a suitable scalar.

At this point we know that R is a quotient of the “weighted projective line”

k[u_1, . . . , u_t]/(u^{ei}_i − u^{e2}_2 + λ_iu^{e1}_1 )

(A.6)

However a straightforward computation reveals that R and the ring defined by (A.6) have the same Hilbert series. Hence they are isomorphic. This concludes our analysis of the case t ≥ 2.

We will now discuss the other cases. First let t = 1. We define R as above. Now dim R_i = 1 for i < e_1 and dim R_e = 2. Let v ∈ R_2 \ ku^e_1. We leave it as an exercise to the reader to check that R ∼= k[u_1, v]. Hence coh(O) is again described by a weighted projective line.

The case t = 0 is even more trivial. In that case O is Morita equivalent to O_P1. So coh(O) is in fact described by the ordinary projective line!

To finish we show that one can get all weighted projective lines from hereditary orders. It suffices to do this in the case t > 2. It is convenient to choose an affine coordinate system on P^1 in such a way that x_1 = ∞, x_2 = 0, x_3 = 1. Then up to a scalar we have

f_1(z) = z − x, f_i(z) = z − x z − x_i for i > 1

Computing the λ_i explicitly with the above procedure we find λ_i = x_i. This shows what we want.

Appendix B. Examples of hereditary abelian categories

In this appendix we give some sources of examples of hereditary abelian categories, which are usually not Ext-finite. These are inspired by [36].

Let R be a noetherian ring of Krull dimension n ≥ 0, finitely generated as a module over a central subring C. Denote by Mod R the category of R-modules and as before by mod R the subcategory of finitely generated R-modules. For i ≥ −1, let C_i be the subcategory of mod R whose objects have Krull dimension at most i, and let C̃_i be the subcategory of Mod R whose objects are direct limits of objects in C_i. (We define C_{−1} = C̃_{−1} = (0).) Let qmod_i(R) = mod R/C_i and QMod_i(R) = Mod R/C̃_i be the corresponding quotient categories in the sense of [14]. These are abelian categories. Similarly we consider the case when S is a Zgraded noetherian ring finitely generated over k and finitely generated as a module over a central subring C, such that S_i = 0 for i small enough. We make the similar definitions starting with the category Gr S of graded S-modules with degree zero homomorphisms, and the subcategory gr S of finitely generated modules. The corresponding quotient categories will be denoted by QGr_i(S) and qgr_i(S). Below when we work in the graded case all objects will be implicitly considered to be graded, unless otherwise specified.

We can now prove the following, which gives some classes of hereditary categories.

Proposition B.1. Let R be a noetherian ring of Krull dimension n ≥ 0 with the above assumptions and notation. Assume that C satisfies Kdim C/P + ht P = n for every prime ideal P in C. Then the following conditions are equivalent. (a) QMod_i(R) is nonzero hereditary. (b) qmod_i(R) is nonzero hereditary.

(c) Either i = n − 2 and gl. dim R_P ≤ 1 for any prime ideal P in C of height at most 1 or i = n − 1 and gl. dim R_P ≤ 1 for any prime ideal P in C of height 0. Proof. That(a) and (b) are equivalent follows from [31, Proposition A3]. To prove the other equivalences we first review some generalities. First of all if M is an R-module, then by [11, p430, Cor. 2] the Krull dimension of M as R-module is equal to the Krull dimension of M as C-module.

Furthermore we claim that M ∈ C̃_i if and only if M_P = 0 for all P ∈ Spec C such that Kdim C/P < i (or equivalently, if and only if M_P = 0 for all P such that ht P > n − i). To see this we may assume that M is finitely generated. Then it follows from the theory of associated primes that M has a finite filtration (as C-module) with subquotients of the form C/Q with Q ∈ Spec C. The claim is now an immediate verification.

The subcategory C̃_i of Mod R is a localizing subcategory. Since R is a noetherian ring which is finitely generated as a module over its center, C̃_i is closed under injective envelopes [11, p. 431]. Denoting by T : Mod R → Mod R/C̃_i the associated quotient functor we have that T preserves injective objects and injective envelopes by [31, Proposition A4]. So if 0 → M → I_0 → I_1 → · · · is a minimal injective resolution in Mod R, then 0 → T (M) → T (I_0) → T (I_1) → · · · is a minimal injective resolution in H̃_i. A similar reasoning shows that for each prime ideal P in C, we have that 0 → M_P → (I_0)_P → (I_1)_P → · · · is a minimal injective resolution in Mod R_P .

(c) ⇒ (a). Assume that (c) holds, and consider for M in Mod R a minimal injective resolution 0 → M → I_0 → I_1 → · · · in Mod R, and the induced minimal injective resolution 0 → M_P → (I_0)_P → (I_1)_P → · · · for a prime ideal P in C.

If i = n − 2 and gl. dim R_P ≤ 1 for ht P ≤ 1, we get (I_j )_P = 0 for j ≥ 2 and ht P ≤ 1, and hence I_j is in C̃_{n−2} for j ≥ 2, so that T (I_j ) = 0. Then we have an injective resolution 0 → T (M) → T (I_0) → T (I_1) → 0 in QMod_{n−2}(R), which shows id_{QModn−2(R)}T (M) ≤ 1. Since T is essentially surjective, it follows that gl. dim QMod_{n−2}(R) ≤ 1.

If i = n − 1 and gl. dim R_P ≤ 1 for ht P = 0, we get that I_j is in C̃_{n−1} for j ≥ 2, so that 0 → T (M) → T (I_0) → T (I_1) → 0 is an injective resolution of T (M) in QMod_{n−1}(R). Hence we have gl. dim QMod_{n−1}(R) ≤ 1.

(a) ⇒ (c). Assume now that QMod_i(R) is hereditary, and let 0 → M → I_0 → I_1 → · · · be a minimal injective resolution of some M in Mod R. Since then 0 → T (M) → T (I_0) → T (I_1) → · · · is a minimal injective resolution in QMod_i(R), it follows that T (I_j ) = 0 for j > 1. Then I_j is in C̃_i for j > 1, so that we have (I_j )_P = 0 when ht P < n−i. Thus we have the exact sequence 0 → M_P → (I_0)_P → (I_1)_P → 0 in this case, and hence gl. dim R_P ≤ 1. Since for a noetherian ring R which is finitely generated as a module over its center we have Kdim R_P ≤ gl. dim R_P [7], and furthermore trivially Kdim C_P ≤ Kdim R_P , it follows that n−i−1 ≤ 1, so that n − i ≤ 2. Hence when QMod_i(R) ≠ 0, we must have i = n − 2 or i = n − 1. In the first case we have gl. dim R_P ≤ 1 for ht P ≤ 1, and in the second case gl. dim R_P ≤ 1 for ht P = 0.

In the case of graded rings S with the assumptions listed in the above, we consider graded prime ideals P in the center C and graded localizations S_P and graded global dimension. Using that also in this case C̃_i is closed under injective envelopes [27], the proof of Proposition B.1 is easily adapted to give the following.

Proposition B.2. Let S be a Z-graded ring of Krull dimension n ≥ 0 satisfying the standard assumptions, and with the previous notation. Suppose that C satisfies Kdim C/P + ht P = n for every graded prime ideal P . Then the following are equivalent.

(a) QGr_i(S) is nonzero hereditary. (b) qgr_i(S) is nonzero hereditary.

(c) Either i = n − 2 and gl. dim S_P ≤ 1 for any graded prime ideal P in C of height at most 1 or i = n − 1 and gl. dim S_P ≤ 1 for any graded prime ideal P in C of height 0.

We also state the following special case.

Corollary B.3. Let S = C be a Z-graded commutative domain of Krull dimension 2 satisfying the standard assumptions. Then qgr(S) is hereditary if and only if S is an isolated singularity.

References

[1] M. Artin and J. J. Zhang, Noncommutative projective schemes, Adv. in Math. 109 (1994), no. 2, 228–287.

[2] M. Auslander, I. Reiten, and S. Smalo, Representation theory of Artin algebras, Cambridge Studies in Advanced Mathematics, vol. 36, Cambridge University Press, 1995.

[3] D. Baer, Tilting sheaves in representation theory of algebras, Manuscripta Math. 60 (1988), no. 3, 323–347.

[4] A. I. Bondal, Representations of associative algebras and coherent sheaves, Math. USSR-Izv.

34 (1990), no. 1, 23–42.

[5] A. I. Bondal and M. M. Kapranov, Representable functors, Serre functors, and reconstructions, Izv. Akad. Nauk SSSR Ser. Mat. 53 (1989), no. 6, 1183–1205, 1337.

[6] K. Bongartz, Tilted algebras, Proc. Conf. Repr. Alg., Puebla 1980, Lecture Notes in Math.

903, 26–38, Springer-Verlag (1981).

[7] K. Brown and R. J. Warfield, Krull and global dimensions of fully bounded noetherian rings, Proc. Amer. Math. Soc. 92 (1984) 169–174.

[8] P. M. Cohn, Algebra, John Wiley & Sons, 1982.

[9] E. Cline, B. Parshall and L. Scott, Derived categories and Morita equivalence, J. Alg. 104 (1986) 397–409.

[10] W. Fulton, Algebraic curves, W.A. Benjamin, Inc., New York, Amsterdam 1969. [11] P. Gabriel, Des catégories abeliannes, Bull. Soc. Math. France 90 (1962) 323–448. [12] W. Geigle and H. Lenzing, A class of weighted projective curves arising in representation theory of finite-dimensional algebras, Singularities, representations of algebras, and vector bundles (Lambrecht, 1985) (Berlin), Lecture Notes in Math., vol. 1273, Springer, Berlin, 1987, pp. 265–297.

[13] , Perpendicular categories with applications to representations and sheaves, J. Alg.

144 (1991) 273–343.

[14] A. Grothendieck, Sur quelques points d’algèbre homologique, Tohoku Math. J. (2) 9 (1957), 119-221.

[15] D. Happel, Triangulated categories in the representation theory of finite dimensional algebras, London Math. Soc. Lecture Note Series, vol. 119, Cambridge University Press, 1988.

[16] , Quasitilted algebras, Algebras and modules I, Proc. Trondheim Workshop 1996, Can.

Math. Soc. Conf. Proc., Vol. 23 (1998) 55–82.

[17] D. Happel and I. Reiten, Directing objects in hereditary categories, Proc. Seattle Conf. on representation theory. Contemp. Math., Vol. 229 (1998) 169–179.

[18] , Hereditary categories with tilting object, Math. Zeitschr. (to apppear). [19] D. Happel, I. Reiten, and S. Smalø, Tilting in abelian categories and quasitilted algebras, Memoirs of the AMS, vol. 575, Amer. Math. Soc., 1996.

[20] R. Hartshorne, Algebraic geometry, Springer-Verlag, 1977.

[21] B. Keller, Deriving DG categories, Ann. Scient. Éc. Norm. Sup., 4^e série, t 27 (1994) 63–102. [22] D. Kussin, Graded factorial algebras of dimension two, Bull. London Math. Soc. 30 (1998) 123–128.

[23] L. Le Bruyn, M. Van den Bergh, and F. Van Oystaeyen, Graded orders, Birkhauser, Basel, 1988.

[24] H. Lenzing, Wild canonical algebras and rings of automorphic forms, Finite dimensional algebras and related topics, Proc. of the NATO Advanced Research Workshop, Ottawa 1992, Ser. C, Vol. 424 (1994) 191–212.

[25] , Hereditary noetherian categories with tilting complez, Proc. AMS 125 (1997). [26] D. Mumford, Abelian varietics, Oxford University Press, Oxford, 1970. [27] C. Nastacescu and F. Van Oystaeyen, Graded ring theory, North-Holland 1982. [28] M. Prest, Ziegler spectra of tame hereditary algebras, J. Algebra 207 (1998) 146–164. [29] I. Reiner, Maximal orders, Academic Press, New York, 1975.

[30] I. Reiten and M. Van den Bergh, Tame and maximal orders of finite representation type, Memoirs of the AMS, vol. 408, Amer. Math. Soc., 1989.

[31] , Noetherian hereditary categories satisfying Serre duality, preprint 1999. [32] J. Rickard, Morita theory for derived categories, J. London Math. Soc. (2) 39 (1989), 436–456. [33] C.M. Ringel Tame algebras and integral quadratic forms, Lecture Notes in Math. 1099, Springer-Verlag(1984).

[34] C. Robson and L. Small, Hereditary prime P.I. rings are classical hereditary orders., J.

London Math. Soc. (2) 8 (1974), 499–503.

[35] S.O. Smalø, Almost split sequences in categories of representations of quivers, Preprint no.

3, Trondheim 1999.

[36] P. Smith and J. Zhang, Curves on non-commutative schemes, preprint, University of Washington, 1997.

[37] J.-L. Verdier, Des catégories dérivées des catégories abéliennes, Astérisque (1996), no. 239, xii+253 pp. (1997), With a preface by Luc Illusie, Edited and with a note by Georges Maltsiniotis.